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� �� 7 ! �� � �#  � � � � � � 4 � � �  � � � � 9

A1 + A2 + . . . An = Ω � � AiAk = ∅, i 6= k

6 �  ' �� �� �� � � � � �� ( �# � � � � : � �  � � � 9

P (A1) + P (A2) + . . . + P (An) = 1.

, � �  ' �� ! �  " �# $� % � � � � � � �  � 9 {B1, B2, . . . , Bn}� �  ' ��

�� �� � � � � �� ( �# � � � P (Bi) > 0 ∀i � A� �� �# *  � � �� �� �� � � � �0 � � � �

P (A) =
∑

n

P (A|Bn)P (Bn)

∑

n

P (ABn)

P (Bn)
P (Bn) =

∑

n

P (ABn) =
K3

P
(∑

n

ABn

)

= P
(

A
∑

n

Bn

)

= P (AΩ) = P (A),

�� �� � �� � �� �	 
� ��  �� � �� (ABi)(ABk) = ∅ �
$ �



2 � � �� � � � �  � 9 {B1, B2, . . . , Bn}� �  ' � � �� �� � � � � �� ( �# � � �

P (Bi) > 0 � i = 1, . . . , n

A� �� �# *  � � �� P (A) > 0 �0 � � � �

P (Bn|A) =
P (A|Bn)P (Bn)

n∑

k=1

P (A|Bk)P (Bk)

P (Bn|A) =
P (BnA)

P (A)

P (A|Bn) =
P (ABn)

P (Bn)

P (Bn|A)P (A) = P (A|Bn)P (Bn)

P (Bn|A) =
P (A|Bn)P (Bn)

n∑

k=1

P (A|Bk)P (Bk)

︸ ︷︷ ︸

P (A)

$ $



1/2 1/3 1/6

P ( �  � � � � �  � " �  - 5# � � � � � � ! �  " �# $� % � � � � ) = ?

A 9 �  � � � � �  � " - 5# � � �

Bi 9 �# i �& �� � ! �  � �# � � � �

P (B1) = 1/2 P (B2) = 1/3 P (B3) = 1/6

P (A|B1) = 2/5 P (A|B2) = 3/7 P (A|B3) = 4/9

P (A) =
2

5
· 1
2

+
3

7
· 1
3

+
4

9
· 1
6
≈ 0.417

$ �



P ( � �  � � � � �  � " � �# �� �� & �� � � "  - 5# � & � ) =?

P (B1|A) =
P (A|B1)P (B1)
3∑

i=1

P (A|Bi)P (Bi)

=
2
5 · 1

2
394
954

≈ 0.48

P (B2|A) ≈ 0.35

P (B3|A) ≈ 0.18

� * � �� % , �% � � "� � � � ) & ' � �  � � � � �� % �� ) ��

�� � ) � � � � ��� � � �� �	 ��
 � �� � � �  	 � � � ���

� � � 
 	 �%  � � � � ) �� � � � � 	

$ �



0 � �� � � � � � + 1 � � ��  �� �� � - � P (A|B) = P (A) � �# �#

P (AB) = P (A)P (B)

6 7 � � �� �� � � � + 1 � � ��  �� � � � � �  � 9

P (AB) = P (A)P (B)

P (AC) = P (A)P (C)

P (BC) = P (B)P (C) � � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �
� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �

� � � � � � �� � � � � � �� � � � � � �� � � � � � �� � � � � � �

� � � � � � �� � � � � � �� � � � � � �� � � � � � �� � � � � � �
� � �� � �� � �� � �� � �
� � �� � �� � �� � �� � � � � � �� � � �� � � �� � � �� � � �� � � �

� � � �� � � �� � � �� � � �� � � �� � � �

C

C
A

B

P (A) = 1/2 P (AB) = 1/4

P (B) = 1/2 P (AC) = 1/4

P (C) = 1/2 P (BC) = 1/4

P (ABC) = 1/4 6= P (A)P (B)P (C) = 1/8

+ � � �  � �� �	 �� ) �  � � � � � � ) � �� # � � )

$ �



, # A1, A2, . . . , An �� �� � � � �� + 1 � � ��  �� �� � - � 9

P (AiAj)= P (Ai)P (Aj)

P (AiAjAk)= P (Ai)P (Aj)P (Ak)

P (AiAjAkAl)= P (Ai)P (Aj)P (Ak)P (Al)

���

P
( n∏

q=1
Aiq

)

=
n∏

q=1
P (Aiq)

$ �



� �  " �# $� % � � �  ! � � �# " 9 �# �  ��  

�� �� � � � �� �� � �� � � �# �� � + 1 � � !� � �

R� � �  � �


 � � + � � � � � � � � � � 9 Ω→ Rn ! �� � � �

Rn×n� � � � �

ξ(ω) : Ω→







R

C

R
2

i j

�  � 9 � � � � � 4 � � ( � � � � 7 � �# � � � � 4 � � � �  � (x, y) � + � '� $ � � �

{−1, 1} � i� � j ! � � � � � � ! � � � � � � "  � � �# 1 � � � � � � [dij]

� �  " �# $� % � � �  ! � � �# " �

+ 1 � � !� � � �  

η = ϕ(ξ) = ϕ
(
ξ(ω)

)

�#  � � � � ! �  " �# $� % � � �  ! � � �# " � �

�# � � 4 - � �# �  � & � + �  � � � � �  t�  ( * �

ξt(ω) 9 ! �  " �# $� % � � �  ! � � �# " � � �

� ( � � � t� � �
t

+1

−1

� �



0 � � ! � � �# " � �� ��

ξ(ω) : Ω→ R

0  � �#  � � + 1 � � !� � �
F (y) = P (ξ < y)

Ω→ R P (ω)

→ 1 P ( ) = 1/6 = p1

→ 2 P ( ) = 1/6 = p2

→ 3 P ( ) = 1/6 = p3

→ 4 P ( ) = 1/6 = p4

→ 5 P ( ) = 1/6 = p5

→ 6 P ( ) = 1/6 = p6

F (y)

y

1

1 2 3 4 5 6

1/6
2/6
3/6
4/6
5/6

6/6 0

F (y)

y

1
2

3

4

5

6
1/6

2/6

3/6

4/6

5/6

6/6 � �� �� �� �� � �	 �


� �� � �� � �� � � �� � �

� �



� % � % � � � + 1 � � !� � �

/ �  � � � � � � �� �� 9
F (x) =

∫ x

−∞
%(y) dy %(x) = F ′(x)

�  �# � �� � �� �� 9

F (x) =
∑

xn<x

pn %(x) =
∑

n

pnΘ′(x− xn)

F (x) =
∑

n

pnΘ(x− xn) %(x) =
∑

n

pnδ(x− xn)

�  � �4 � ( � � �

∫

f(x)δ(x) dx = f(0)

$ �



6 � � � �# + � �� � � ! � � �# "

�  � �#  � � �

η = ϕ(ξ)

y = ϕ(x) dy = ϕ′(x) dx
x

y
ϕ(x)

dx

dy

x

y ϕ(x)

dx

dy

%̃(y)|dy| = %(x)|dx|

%̃(y) = %(x)
| dx|
|dy|

%̃(y) = %
(
ϕ−1(y)

) 1

|ϕ′ (ϕ−1(y))|

%̃(y) =
∑

n

%
(
ϕ−1

n (y)
) 1
∣
∣ϕ′

n

(
ϕ−1

n (y)
)∣
∣

%(x) � %̃(y)

x

y

ϕ(x)

1 2 3 4 5 6

$ �



6 7 � � ! � � �# " � �� �� dF = %(x1, x2, . . . , xn) dx1 dx2 · · · dxn

� � � � � � ! �  " �# $� % � � � � � - � � � � ξ(ω) n� (  � �� #  " � ! �  " �# $� % � � �  

! � � �# " ! �� � � � �# x1, x2, . . . , xn� 7 � 1  dx1 dx2 · · · dxn

� � � + � � � � �  �� � � � �  � �
~η = ~ϕ(~ξ ) ~y = ~ϕ(~x) d~y = D~ϕ (~x) d~x

%̃(~y )|d~y| = %(~x)|d~x| −→ %̃(~y ) = %(~x)
|d~x|
|d~y|

%̃(~y ) = %
(
~ϕ−1(~y )

)
| detD~ϕ−1(~y )| = %

(
~ϕ−1(~y )

)
| Jac ~ϕ−1(~y )| =

=

∫

δ (~y − ϕ(~x)) %(~x) d~x

detDf ≡ Jac f =

∥
∥
∥
∥
∥
∥
∥
∥

∂f1

∂x1

∂f1

∂x2
. . . ∂f1

∂xn

. . . . . . . . . . . . . . .

∂fn

∂x1

∂fn

∂x2
. . . ∂fn

∂xn

∥
∥
∥
∥
∥
∥
∥
∥

� �



∫ +∞

−∞
%(x) dx = 1

� � �- � � " � �� � �  � �  � � �
〈x〉 =

∫ +∞

−∞
x%(x) dx

%(x)

x

�# " � � �  ! � �- � � " � � � �� � � ! � � � � 4  � �

Var(x) = σ =

√

〈x2〉 − 〈x〉2

σ2 =
〈

(x− 〈x〉)2
〉

=
〈

x2 − 2x 〈x〉+ 〈x〉2
〉

=

=
〈
x2
〉
− 2 〈x〉 〈x〉+ 〈x〉2

, ! � �- � � " � �� � � � � �#  � � - �

∫ +∞
−∞ |x|%(x) dx <∞

� �� � � �  � � � � �� � & � � �

µk =
〈
(x− 〈x〉)k

〉

� $



6 7 � � (  � �� #  " � � � %(x1, x2, . . . , xn)

〈xk〉 =
∫

dnx xk%(x1, x2, . . . , xn)

〈
x2

k

〉
=

∫

dnx x2
k%(x1, x2, . . . , xn)

Var(xk) =

√

〈x2
k〉 − 〈xk〉2 = σk

: � ! � � � � 4  �

ckl = 〈(xk − 〈xk〉) (xl − 〈xl〉)〉

: � � � �  �4  "

rkl =
ckl

σkσl

ckk = σ2
k rkk = 1

� �



/ 1 � � ��  �� ! �  " �# $� % � � �  ! � � �# " �

%(x1, x2, . . . , xn) = %1(x1)%2(x2) · · · %n(xn)

〈xk〉 =
∫

dx1 · · · dxn xk%1(x1) · · · %n(xn) =

∫

dxk xk%k(xk)

ckl =

∫

dx1 · · · dxn

(
xk − 〈xk〉

)(
xl − 〈xl〉

)
%(x1) · · · %(xn) =

=

∫

dxk

(
xk − 〈xk〉

)
%k(xk)

∫

dxl

(
xl − 〈xl〉

)
%l(xl) = 0

: � � + 1 � � ��  �� ! �  " �# $� % � � �  ! � � �# " 7 � �# � �� � � � �  � �#  � � �

η = ξ1 + ξ2 y = x1 + x2 −→ x2 = y − x1 %1(x1) %2(x2)

%(y) =

∫ +∞

−∞
δ(y − x1 − x2)%1(x1)%2(x2) dx1 dx2 =

=

∫ +∞

−∞
%1(x1)%2(y − x1) dx1 � � � ! �  5 4  " �

� �



: � � ! �  " �# $� % � � �  ! � � �# " 7 � �# � �� � �� ! � �- � � " � �� � � �

〈x1 + x2〉 =
∫ +∞

−∞
(x1 + x2)%(x1, x2) dx1 dx2 =

=

∫ +∞

−∞
x1%(x1, x2) dx1 dx2 +

+

∫ +∞

−∞
x2%(x1, x2) dx1 dx2 = 〈x1〉+ 〈x2〉

: � � ��� � ��� �� � � ! �  " �# $� % � � �  ! � � �# " 7 � �# � �� � �� �# " � � � �

Var2(x1 + x2) =
〈
((x1 + x2)− 〈x1 + x2〉)2

〉
=

=
〈
(x1 + x2 − 〈x1〉 − 〈x2〉)2

〉
=

=
〈
(x1 − 〈x1〉)2

〉
+
〈
(x2 − 〈x2〉)2

〉
+

+ 2 〈(x1 − 〈x1〉)(x2 − 〈x2〉)〉
︸ ︷︷ ︸

0

= Var2(x1) + Var2(x2)

� �



: � � � � � � � �# �  � & � + 1 � � !� � �  / �& � � �� � � � � �# + � �� �4  " �

ϕ(t) =
〈
eitx
〉

=

∫ +∞

−∞
dx %(x)eitx

: � � ! �  5 4  " � � � � � � � � � � � �# �  � & � + 1 � � !� � �

%(y) =

∫ +∞

−∞
%1(x)%2(y − x) dx

ϕ(t) =

∫ +∞

−∞
dy eity

∫ +∞

−∞
%1(x)%2(y − x) dx =

=

∫ +∞

−∞
dx %(x)

∫ +∞

−∞
dy′ eit(x+y′)%2(y

′) =

=

∫ +∞

−∞
dx eitx%1(x)

∫ +∞

−∞
dy′ eity′

%1(y
′) = ϕ1(t) · ϕ2(t)

, - �  � � ! �# �� � 1 � �# y′ = y − x ' �  7 � � � �

� �



� �� � � � � � � + 1 � � !� � �


 � � � �� xn = n pn ! �  " �# $� % � � � � �  � ϕ(t) =
∫ +∞
−∞ dx eitx%(x) �

ϕ(t) =

+∞∫

−∞

dx eitx
∞∑

n=0

pnδ(x− n) =
∞∑

n=0

pneitn (eit = z)

G(z) =
∞∑

n=0

pnzn , � � � � � � � � �# �  � & � + 1 � � !� � �

(  �# � �� � ! � � �# � � �

� � � �� �& � � � �# � � $� � � �

ϕ(t) =
〈
eitx
〉

=

〈
∑

n

(itx)n

n!

〉

=
∑

n

intn

n!
〈xn〉

〈xn〉 =
1

in
∂nϕ(t)

∂tn

∣
∣
∣
∣
t=0

� .



ϕ(t) = G
(
eit
)

dz = eiti dt = iz dt 〈xn〉 = 1

in
∂n

∂tn
G
(
eit
)
∣
∣
∣
∣
t=0

∂

i∂t
= z

∂

∂z
; 〈xn〉 =

[

z
∂

∂z

]n

G(z)

∣
∣
∣
∣
z=1

� � � �� �& � � � ←→ � �� � � � � � � + 1 � � !� � � ←→ �  � �#  � � + 1 � � !� � �

%(x) =
1

2π

∫ +∞

−∞
e−itxϕ(t) dt

%(x) =
1

2π

∫ +∞

−∞
e−itx dt

∫ +∞

−∞
dx′%(x′)eitx′

=

∫ +∞

−∞

∫ +∞

−∞

1

2π
eit(x−x′) dt

︸ ︷︷ ︸

δ(x−x′)

·%(x′) dx′

δ(x) =

∫ +∞

−∞

1

2π
eiτx dτ

, # 7 � �# �� � � � �� �& �  � � � � �� �

� � � ��  * �# �  � �#  � �  � � � � �� � ! � 

� �



�  � �& ( & � � � � � �  � �#  � � � "  � - �  � � � �� 〈x〉� � σ2 =
〈
x2
〉
− 〈x〉2 �

� � �� � ! � � � ��  * �  �� � � �


 � � � �� x > 0 ! �  " �# $� % � � �  ! � � �# " � 
� � �# # �� %(x) �  � �#  � � � � � � 〈x〉

! � �- � � " � �� � � � �0 � � � � � �� �# *  � � �� ε > 0 �� �� � �

P (x > ε) 6
〈x〉
ε

〈x〉 =

∫ ∞

0

%(x)x dx >

∫ ∞

ε

%(x)x dx > ε

∫ ∞

ε

%(x) dx = εP (x > ε)

� � � �  � � ! � � � ��  * �  �� � � �

P (|x− 〈x〉 | > ε) 6
σ2

ε2

P (|x− 〈x〉 | > ε) = P
(
(x− 〈x〉)2 > ε2

)
6

Markov

〈
(x− 〈x〉)2

〉

ε2
=

σ2

ε2

� �



� � � �  � � ! � � � ��  * �  �� � � �

P (|x− 〈x〉 | > ε) = P
(
(x− 〈x〉)2n

> ε2n
)

6
Markov

〈
(x− 〈x〉)2n

〉

ε2n
=

µ2n

ε2n

- � µ2n � � �#  � �

� � �4  �  � �� �� �� 9

P (|x− 〈x〉 | > ε) 6
σ2

ε2

P (|x− 〈x〉 | > 〈x〉 ε) 6
σ2

ε2 〈x〉2

P (|x− 〈x〉 | > σε) 6
1

ε2

P

( |x− 〈x〉 |
σ

> ε

)

6
1

ε2

3σ3σ

〈x〉
� � ( �&  9

P (|x− 〈x〉 | > 3σ) 6 1/9 ≈ 0.11

� �



�� �� �� �� �� � � � � � � ��

2  � � �  �  � �  � �#  � �

0 � � � $� � �  �� �� � � �  � �� � � � �  � �� �� �  � ! � � � n� �# � � � � �  � � � �  1 � � �

, # n� �# � �  � � � � � � � $� � �  �� �� � ��  � � � 1 � � � � �� �� � � � � �� �

�  � 9 + � '� $ � � �

FIFIIIFFIF
︸ ︷︷ ︸

ndb
� �  " �# $� % � � �  ! � � �# "  � � � �� �# � - � � � �#

� � �  � � � �� � � � � �� 7 ! �� � �# � � � � �� �# � � � 9 k

p �# � � �  � � q = 1− p � � � �  � �� �� � � � ! �  " �# $� % � � � � �

•, # � � �  � k� �# � � � � � � �  � n − k� �# � � � 7 ! �� �

� �#  � � � � � � � � � � � "  + 1 � � ��  �� 1  9 pkqn−k �

•0 # 7 � �# �� ��

(
n
k

)

� " ( � � � 7 ! �� � �# - �� � � �

}

pk =

(
n

k

)

pkqn−k

� � �� � � � � � 9

n∑

k=0

pk =
n∑

k=0

(
n

k

)

pkqn−k = (p + q)n = 1

� �



� �� � � � � � � + 1 � � !� � �

G(z) =

n∑

k=0

pkzk =

n∑

k=0

(
n

k

)

pkqn−kzk = (pz + q)n

G(1) = 1 �

〈k〉 = z
∂

∂z
G(z)

∣
∣
∣
∣
z=1

= G′(1) = np(pz + q)n−1
∣
∣
∣
z−1

= np

〈
k2
〉

= z
∂

∂z
z

∂

∂z
G(z)

∣
∣
∣
z=1

= G′(1) + G′′(1) =

= n(n− 1)p2(pz + q)n−2
∣
∣
∣
z=1

+ np = n(n− 1)p2 + np

σ2
k =

〈
k2
〉
− 〈k〉2 = G′′(1) + G′(1)−G′2(1) =

= n2p2 − np2 + np− n2p2 = npq

� $



� � � � �� � �  �  � �#  � �

0 � � � $� � �  �� � �� � � � �  � �� �� �  �  �- �� �� � �# � + 1 � � ��  �� 1 

 � � � � �  � �� ' 1 � �, ! �  " �# $� % � � �  ! � � �# "  � � � �� � � � � � � � $� � �  �� � �� �

� � ��# � � � � �- �  �# � � � �� �# � � 5 �  � �� �� �  �  * �# 7 � � �� 7 ! �� � �#  � �

�  � 9 � � � - � �, 8 � � � . . .

k = 1 k = 2 k = 3

p1 = p p2 = qp p3 = q2p · · · pk = qk−1p

� � �� � � � � �

∞∑

k=1

pk =

∞∑

k=1

pqk−1 =
p

1− q
= 1

� �� � � � � � � + 1 � � !� � �

G(z) =
∞∑

k=1

pqk−1zk =
pz

1− qz

� �



〈k〉 = G′(1) =
p

1− q
+

pq

(1− q)2
=

1

p

�  � - � 1/10 � ! �  " �# $� % � � � � � � � � � � �  � � � � � � � ;� � ( �# � � � � � 7 ! �� � �#  �

� � �  * �# 7 � �# �� �� � � � � � � - � �, 8 � � � . . . � �

σ2
k = G′′(1) + G′(1)−G′2(1) =

=
2pq

(1− q)2
+

2pq2

(1− q)3
+

1

p
− 1

p2
=

=
2q

p
+

2q2

p2
+

1

p
− 1

p2
=

=
2

p
− 2 +

2

p2
− 4

p
+ 2 +

1

p
− 1

p2
= −1

p
+

1

p2
=

q

p2

�  9

p = 1/10 σ =
√

100·9
10 =

√
90 ≈ 9.5

p = 1/3 σ =
√

9 · 2
3 =
√

6 ≈ 2.5

� �



A

B
n( � � � � � � � � � � !�  ��  �� �# � � % �� � �# " �& � � B� �

pA =
µA

µB
= p

n � � � � � "  ≈ pn( � � � � ��  � A� � � �

� 7 ! �  ' 1 � � � � �# � � � � µB� � � � n� �� 5 � � � - � � � �# A� � � �� * � � � � � �

! � �- � � " �# � � � �   � � ( " � � � � ( ' � � 9

λ = pn = �   � n→∞; p→ 0

A� � � �� * � � � � � � �# � � � � � � �  � �#  � � �
pk =

(
n

k

)

pk(1− p)n−k =
1

k!
n(n− 1) · · · (n− k + 1)

λk

nk

(

1− λ

n

)n−k

=

=
λk

k!

(

1− λ

n

)n
n(n− 1) · · · (n− k + 1)

n · n · · ·n

(

1− λ

n

)−k

↓ ↓ ↓

lim
n→∞

pk =
λk

k!
· e−λ · 1 · 1

� �



� �  � � � � �  � �#  � � pk =
λk

k!
e−λ λ = pn

� � �� � � � � �
∞∑

k=0

pk =

∞∑

k=0

λk

k!
e−λ = e−λ

∞∑

k=0

λk

k!
= e−λeλ = 1

� �� � � � � � � + 1 � � !� � � G(z) =
∞∑

k=0

pkzk =
∞∑

k=0

e−λ (λz)k

k!
= eλ(z−1)

〈k〉 = G′(1) = λeλ(z−1)
∣
∣
∣
z=1

= λ

σ2 = G′′(1) + G′(1)−G′2(1) = λ2 + λ− λ2 = λ

�  � 9 ��  ��  ��  ( * � �  + �  � � � � � � � � � �  � �� � �� 7 ! �� � �# � � � � ��

! �  " �# $� % � � � �  ( * � �� �   � � ( "  � � � � � � �  � + � � � -  � � � ' � �� % � � � � � � �

0 Tτ � ��

pτ =
τ

T
pτn =

τ

T
n = µτ = λ

T �� �� � n �� �� 	
 �

n→∞
T →∞

n

T
= µ = �� �

�



� � �� �  � �  � �#  � �

2  � � �  �  � �  � �#  � � � �  � ��  � � � 1 � �#

x =
k − 〈k〉

σ
=

k − pn√
npq

� �  � � � "  ! �  " � � � � ( � � ( � � � �� � �  � �#  � � � � n→∞- � � � � �� �� � �� �

pk =
n!

(n− k)!k!
pkqn−k n! ≈

(n

e

)n√
2πn  � �  �  � � + � �� &  � �

pk ≈
(n

e

)n
√

2πn
√

2π(n− k)
√

2πk

( e

k

)k
(

e

n− k

)n−k

pkqn−k

pk ≈
1√
2πn

1
√
(
1− k

n

)
k
n

en ln n−k ln k−(n−k) ln(n−k)+k ln p+(n−k) ln q

1− k

n
≈ q;

k

n
≈ p; k ≈ pn±√npq;−→ k

n
≈ p±

√
pq

n

� .



pk ≈
1√

2πnpq
e−k ln k

n−(n−k) ln(1− k
n )+k ln p+(n−k) ln q

pk ≈
1√

2πnpq
e−n{ k

n ln k
np +(1− k

n ) ln[(1− k
n)/q]}

k = x
√

npq + pn
k

n
= p + x

√
pq

n
1− k

n
= q − x

√
pq

n

pk ≈
1√
2πσ

e−n{(p+x
√

pq
n ) ln(1+x

√
q

np )+(q−x
√

pq
n ) ln(1−x

√
p

nq )}

ln(1± x) ≈ ±x− x2

2
+ . . .

pk ≈
1√
2πσ

e−n{(p+x
√

pq
n )(x
√

q
np− 1

2x2 q
np )+(q−x

√
pq
n )(−x

√
p

nq − 1
2x2 p

nq )}

� �



pk ≈
1√

2πσ2
e−x2/2 1 = ∆k ≈ dx

√
npq

pk = pk∆k ≈ p(x) dx = p(x)
1√
npr

p(x) =
√

npq pk = σpk =
1√
2π

e−x2/2

� � �� � � � � �

∫ +∞

−∞
p(x) dx =

1√
2π

∫ +∞

−∞
e−x2/2 dx = 1

: � � � � � � � �# �  � & � + 1 � � !� � �

ϕ(t) =

∫ +∞

−∞
p(x)eitx dx =

∫ +∞

−∞

1√
2π

e−x2/2+itx dx =

=
1√
2π

∫ +∞

−∞
e

− 1
2(x− it)
︸ ︷︷ ︸

u

2−t2/2

dx
︸︷︷︸

du

= e−t2/2

� �



�� �� � �� �� � � � � N (m, σ) := pN (x) =
1√
2πσ

e−
(x−m)2

2σ2

ϕN (t) =

∫ +∞

−∞
dx

1√
2πσ

e−
(x−m)2

2σ2 eitx =

=

∫ +∞

−∞

1√
2πσ

e−
1

2σ2 (x−m−iσ2t)
2− σ2t2

2 +imt dx = e−
σ2t2

2 +imt

	
 � �� �� ��  �  
 � ��  � � (m = 0)

µ2n+1 =

∫ +∞

−∞

1√
2πσ

e−x2/2σ2

x2n+1 dx = 0

µ2n = (−1)n ∂2n

∂t2n
e−σ2t2/2

∣
∣
∣
∣
t=0

= (−1)n ∂2n

∂t2n

∞∑

k=0

(−1)k σ2kt2k

2kk!

∣
∣
∣
∣
t=0

=

=
1

2n
σ2n (2n)!

n!
= σ2n · (2n− 1) · (2n− 3) · . . . · 3 · 1

2n
· n! = 2n · 2(n − 1) · 2(n − 3) · . . . · 4 · 2

� �



� � � � � � � ��� � �
 �� � � ��� � � � � � � �

p(x) =
1√
2πσ

e−
(x−m)2

2σ2

	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 		 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


mλσ λσ

P (|x−m| > λσ) =
1√
2πσ

∫ m−λσ

−∞
⊕
∫ +∞

m+λσ

e
(x−m)2

2σ2 dx =
x=m+σu

= 1−
∫ +λ

−λ

1√
2π

e−u2/2 du = 1−
∫ 0

−λ

⊕
∫ +λ

0

1√
2π

e−u2/2 du =

= 1− 2

∫ λ

0

1√
2π

e−u2

du = 1− 2

[
∫ λ

0

⊕
∫ 0

−∞

]

⊕ 2

∫ 0

−∞
︸ ︷︷ ︸

1

. . . =

= 2− 2

∫ λ

−∞

1√
2π

e−u2/2 du = 2
(
1− Φ(λ)

)

� �



P (|x−m| < λσ) = 1− P (|x−m| > λσ) = 2Φ(λ)− 1

λ = 1 � � ��
λ = 2 � � ��

λ = 3 � � � ��

3σ �� �
 � �� 	 � � � 
 
 � �� 
� �� 99% �� �

� �� � 10% 	 � 
 � �� 
 	 �
 �� � � �

�  � � � �  �� �� 
 � � � 
� �� � 	 �� � � 
 � � � � 

 �


y = x1 + x2

p1(x1) = 1√
2πσ1

e−(x1−m1)
2/2σ2

1

p2(x2) = 1√
2πσ2

e−(x2−m2)
2/2σ2

2

p(y) =

∫ +∞

−∞
dx2p1(y − x2)p2(x2) =

=

∫ +∞

−∞
dx2

1
2πσ1σ2

e−(y−x2−m1)
2/2σ2

1−(x2−m2)
2/2σ2

2 = ?

��



ϕ(t) = ϕ1(t) · ϕ2(t)

ϕ(t) = e−
σ2
1t2

2 +im1te−
σ2
2t2

2 +im2t = e

− (σ2
1+σ2

2)
︸ ︷︷ ︸

σ2

t2/2+i (m1+m2)
︸ ︷︷ ︸

m

t

� 
 �� � � � � �

�� � �  �� �� � 
 � �� 
� �� �
p(y) = 1√

2π(σ2
1+σ2

2)
e
− (y−m1−m2)2

2(σ2
1+σ2

2)

� � � � � �  
 � 
 � �� � � �  �� �� 
 � �� 
� ��
p(x1, x2, . . . , xn) =

√
det B

(2π)n/2 e−
1
2� ij Bij(xi−mi)(xj−mj)

detB > 0

Bij = Bji

� � �  �� �� � �

∫ +∞

−∞
· · ·
∫ +∞

−∞
dx1 . . . dxn p(x1, . . . , xn) =

xi −mi =
∑

j Θijyj

~x− 〈~x〉 = Θ~y

=

∫ +∞

−∞
· · ·
∫ +∞

−∞
dy1 . . . dyn| detΘ |

√
det B

(2π)n/2 e−
1
2 yT ΘT BΘy = . . .

��



ΘT BΘ = diag{λ1, λ2, . . . , λn}

. . . =

∫ +∞

−∞
· · ·
∫ +∞

−∞
dy1 . . . yn| detΘ |

√
det B

(2π)n/2 e−
1
2� n

i=1 λiy
2
i = . . .

detB = λ1 · λ2 · · ·λn

| detΘ | = 1 � � � � � � � �� �� �� � � � 
� � �  � � � �

. . . =

∫ +∞

−∞
· · ·
∫ +∞

−∞
dy1 . . . dyn

√
λ1···λn

(2π)n e−
1
2� i λiy

2
i =

=
n∏

i=1

[∫ +∞

−∞
dyi

√
λi

2π e
1
2λiy

2
i

︸ ︷︷ ︸

1

]

= 1

� �



〈xi〉 =

∫ +∞

−∞
· · ·
∫ +∞

−∞
dx1 . . . dxn xi p(x1, x2, . . . , xn) = mi

Ckl =

∫ +∞

−∞
· · ·
∫ +∞

−∞
dx1 . . . dxn(xk −mk)(xl −ml)p(x1, . . . , xn) =

=

√
detB

(2π)n/2
· (−2)×

× ∂

∂Bkl

∫ +∞

−∞
· · ·
∫ +∞

−∞
dx1 . . . dxne−

1
2� ij Bij(xi−mi)(xj−mj) =

= −2

√
detB

(2π)n/2

∂

∂Bkl

(2π)n/2

√
detB

=
1

detB

∂

∂Bkl
detB =

=
1

detB

∂

∂Bkl

n∑

i=1

(−1)k+iBki detB(ki) =

= (−1)k+l detB(kl)

detB
=
(
B−1

)

kl

� �



� � 	 � � �� � � ��  � �� �� C = B−1

p(x1, x2, . . . , xn) = 1√
(2π)n det C

e−
1

2 det C� ij Cij(xi−mi)(xj−mj)

Cik = σiσkRik

Cik

detC
=

1

detR

Rik

σiσk

p(x1, x2, . . . , xn) = 1√
(2π)n det Rσ1···σn

e
− 1

2 det R� ij Rij
(xi−mi)

σi

(xj−mj)

σj

� �
 � � �� �� � � n = 2

p(x1, x2) = 1
2πσ1σ2

√
1−r2 e

− 1
2(1−r2) �

(x1−m1)2

σ2
1

+
(x2−m2)2

σ2
2

−2r
(x1−m1)

σ1

(x2−m2)
σ2 �

� �



� � �� � ��� �	
 � �� �� � � �  �  �  � � � �� � � � ��

� � � � � �  �� ��
x � � � � � �  �� ��

y = log x � � �  �� ��

p(y) = 1√
2πσ

e−(y−m)2/2σ2
0

dy = dx
x

pLN(x) dx = 1√
2πσ0

e−
1
2 (log x−m)2/σ2

0 dx
x

〈x〉 =

∫ ∞

0

1√
2πσ2

0x
x e−

1
2 (log x−m)2/σ2

0 dx = em+σ2
0/2

σ2 = e2m+σ2
0

(

eσ2
0 − 1

)

� � 
 	 � �
 � � � � �� � �  � � �� � � � � �� � �  � � � � �

� � � � � �� � � � � � �� � � � � � � � �� � � � � � �� � � � � � �

� 
 
 � � � � � 
 �  � � 
 �
 � 
 � � 
 � �� 
� �� � �
 � 
 � �

� �  �� 
 � � �� � �  � � � �  
 ��  �  � � x

p(x)

� �� �� �� ��� ��� ��� � ��

�  



� χ2 � � � χ �
 � �� 
� ��

x1, x2, . . . , xn � � �  �� �� 
 � �� 
� �� � � � 	 � � � � � �  � �  � �

� � 
 � � �� � 	 � � �� 
� � � �  � � 	 �� � � 
 � �

χ2 = x2
1 + x2

2 + · · ·+ x2
n

n = 1 −→ χ2 = x2
1; y = x2; %(x) = 1√

2π
e−x2/2

x

y

dx1dx2

dy

%̃(y)|dy| = %(x1)|dx1|+ %(x2)|dx2|

x1 =
√

y dx1 =
1

2
√

y
dy

x2 = −√y dx2 = − 1

2
√

y
dy

%̃(y) = % (
√

y)
1

2
√

y
+ % (−√y)

1

2
√

y
=

1√
2πy

e−y/2

� �



� � � � � �
 � �� 
 � � � � � � � � � 	 � �

ϕ1(t) =

∫ ∞

0

1√
2πy

e−y/2+iyt dy

y = u2 dy = 2u du

ϕ1(t) =

∫ ∞

0

1√
2πu

e−u2/2+iu2t 2u du =
2√
2π

∫ ∞

0

e−( 1
2−it)u2

du =

=
1√
2π

∫ +∞

−∞
e−( 1

2−it)u2

du =

√
π

2π( 1
2 − it)

=
1

(1− 2it)1/2

� � �� � 
 � � � � 
� �� �� � � � � � �

∫ +∞

−∞
e−αx2

dx =

√
π

α

� �



ϕn(t) = ϕn
1 (t) =

1

(1− 2it)n/2

I(β) =

∫ ∞

0

xβe−
x
2 +itx dx =

∫ ∞

0

xβe−( 1
2−it)x dx

� 
 y =
(

1
2 − it

)
x � dx = dy/

(
1
2 − it

)

�
 �� � � 
 � �
 �

I(β) =
1

(
1
2 − it

)β+1

∫ ∞

0

yβe−y dy

︸ ︷︷ ︸

Γ(β+1)

β + 1 = n
2

β = n
2 − 1

ϕn(t) =
1

Γ
(

n
2

)
2n/2

I
(n

2
− 1
)

%n(x) =
1

Γ
(

n
2

)
2n/2

x
n
2 −1e−x/2 n� 
 � � � � � � � � � � � � χ2 �
 � �� 
 � ��

� � � � � � 
 � � � 

 � 
 � � � � � � � � � 
 � �� 
 � �� � E ∼ v2
x + v2

y + v2
z + · · ·

� �



〈
χ2
〉

= n
〈
x2

1

〉
= n

σ2
χ2 = n

{〈
x4

1

〉
−
〈
x2

1

〉2
}

〈
x4

1

〉
=

∫ +∞

−∞
x4

1

1√
2π

e−x2
1/2 dx1 =

1√
2π

∫ +∞

−∞
x4

1e
−βx2

1/2 dx1

∣
∣
∣
∣
β=1

=

=
1√
2π

4
∂2

∂β2

∫ +∞

−∞
e−βx2

1/2 dx1

∣
∣
∣
∣
β=1

=
4√
2π

∂2

∂β2

√
2π

β

∣
∣
∣
∣
β=1

=

= 4

(

−1

2

)(

−3

2

)

β−5/2
∣
∣
β=1

= 3

σ2
χ2 = n(3− 1) = 2n

��



χ =
√

x2
1 + x2

2 + · · ·+ x2
n

˜%(y) dy = ρ(x) dx

˜%(y) = ρ(y2) 2y

x

y

dx

dy

y =
√

x −→ x = y2

dx = 2y dy

%n(x) =
1

Γ
(

n
2

)
2(n−2)/2

xn−1e−x2/2 n �� �� �� �� ��� 	 
� � χ  �� 
 �� � � �

� � �� n = 3 � � � � �� � � �� � � � �� �� 
 �� � � � �
��



�� � � 
 �� � � � � � � � � � � � � � 
 � � � ��

t =

√
ny

√

x2
1 + x2

2 + · · ·+ x2
n

x1, x2, . . . , xn, y ∈ N (0, 1)

f(y) =
1√
2π

e−y2/2 g(x) =
1

Γ
(

n
2

)
2(n−2)/2

xn−1e−x2/2

%(t) =

∫ +∞

−∞

∫ ∞

0

δ

(

t−
√

ny

x

)

f(y)g(x) dy dx =

=

∫ ∞

0

x√
n

f

(
xt√
n

)

g(x) dx = . . .

δ(f(x)) =
∑

n

δ(x− xn)
1

|f ′(xn)|
x1, x2, . . . , xn; h(x1), h(x2), . . . , h(xn)

g = g(x1, x2, . . . , xn)

f(xn) = 0

δ(f ′(xn)(x− xn))

δ(αx) =
1

|α|δ(x)

%(g) =

∫

δ(g − g(x1, . . . , xn))h(x1) · · ·h(xn) dx1 · · · dxn

��



. . . =
1

Γ
(

n
2

)
2(n−2)/2

∫ ∞

0

x√
n

1√
2π

e−
x2t2

2n xn−1e−x2/2 dx =

=
1

Γ
(

n
2

)
2(n−2)/2

1√
2πn

∫ ∞

0

xne
−

�

t2

2n + 1
2

�

x2

dx = . . .

y =
(

t2

2n + 1
2

)

x2 dy =
(

t2

2n + 1
2

)

2x dx

x =
(

t2

2n + 1
2

)−1/2√
y dy =

(
t2

2n + 1
2

)1/2

2
√

y dx

. . . =
1

Γ
(

n
2

)
2(n−2)/2

1√
2πn

∫ ∞

0

yn/2

(
t2

2n + 1
2

)n/2
e−y 1

2
(

t2

2n + 1
2

)1/2

dy√
y

=

=
1

Γ
(

n
2

)
2(n−2)/2

1√
2πn

1
(

t2

2n + 1
2

)(n+1)/2

∫ ∞

0

y
n−1

2 e−y dy

︸ ︷︷ ︸

Γ(n+1
2 )

= . . .

� �



. . . =
1√
nπ

Γ
(

n+1
2

)

Γ
(

n
2

)
1

(
1 + t2

n

)n+1
2

= Sn(t) �� � � � �� � 	 � � � t � � � � � 
 � � �

n = 1 � � � � � � � � � � � 
 � � �
C(t) =

1

π

1

1 + t2
0 t

�� � �� � � � 
� � t 	 �� � �� � � � � ��

∫ +∞

−∞
Sn(t)|t| dt < +∞

t→∞ Sn(t)|t| ∼ |t|
(
1 + t2

n

)n+2
2

∼ |t|
|t|n+1

=
1

|t|n

∫
1

|t|n dt ∼







1
|t|n−1 � � � n > 2

log(t) � � � n = 1 � � �� � � � � � � � 
 � � � �

� 
 n = 1 � � � � � � � � � � 
 � � � � �� �� � �� 	 �� � �� � � � � ��

� �



� � �� � � � � � � � 
 � � � � �� �� � ��� � 
�� � � � � � � � 	  � � �

ϕ(t) =

∫ +∞

−∞

1

π (1 + x2)
eixt dx = . . .

1 + x2 = 0 � � �� � � �

1

R2
Rπ

x = ±i

eixt (x = α + iβ)

x

i

−i

R

t > 0 eiαt−βt → 0 β → +∞
x

i

−i

R

t < 0 eiαt−βt → 0 β → −∞
x

i

−i

R

� �



� � t > 0 � �� � �� � 
 x = +i � � �� � � � � � �� � � � � � � �

ϕ(t) =

∮
1

π (1 + z2)
eizt dz = 2πi

∑

xp ��� � ��

Res
xp

f(z) =
1

2πi
2πi e−t = e−t

� � t < 0 � �� � �� � 
 x = −i � � �� � � � � � �� � � � � � � �

ϕ(t) =

∮
1

π (1 + z2)
eizt dz = . . . = − 1

2πi
(−2πi) et = et

ϕ(t) = e−|t|

dϕ(t)
dt

∣
∣
∣
t=0

= ? � �� � � � �� � � �� � � � �� � � � � � � �

� � �� �� � ��� � 
�� � � � � � � � 	  � � � �� n �� � � �� � � �� � � � �� � ⇐⇒ � ��

� � � 
� � � 
 n � � � � � �� � � �

�	



� ��� � �� � � � � � � � � �

Γ(x) =

∫ ∞

0

tx−1e−t dt

Γ(n + 1) = n!

Γ(n + 1) =

∫ ∞

0

tne−t dt = (−1)n ∂n

∂βn

∫ ∞

0

e−βt dt

∣
∣
∣
∣
β=1

=

= (−1)n ∂n

∂βn

1

β

∣
∣
∣
∣
β=1

= (−1)n(−1)(−2)(−3) · · · (−n)
1

βn+1

∣
∣
∣
∣
β=1

= n!

n! =

∫ ∞

0

tn e−t dt =

∫ ∞

0

en log t−t dt

tn

e−t

tt∗

� �



∂

∂t
(n log t− t)

∣
∣
∣
∣
t∗

= 0 −→ n

t∗
− 1 = 0

t∗ = n

x = t− t∗

(n log(t∗ + x)− t∗ − x) = n log
(

n
(

1 +
x

n

))

− n− x =

= n log n + n log
(

1 +
x

n

)

− n− x =

= n log n + n

[
x

n
− x2

2n2
+ · · ·

]

− n− x =

= n log n− n− x2

2n
+ · · ·

ln(1 + x) = x −

x2

2

� �



n! ≈
∫ ∞

−n

dx en log n−ne−
x2

2n +... ≈

≈
∫ +∞

−∞
en log n−ne−

x2

2n dx = en log n−n
√

2πn

n! ≈
(n

e

)n√
2πn

� � �� � � � � �� �� � � � 
 ��

∫

e−Φ(t) dt ≈ e−Φ(t∗)

∫

e−
1
2Φ′′(t∗)(t−t∗)2 dt ≈ e−Φ(t∗)

√

2π

Φ′′(t∗)
,

� � � � Φ′(t∗) = 0 �

� �



� � �� �� � � �� � � �� � � � �

� 
� � � � � � 
�� � � � � � � 	 �� � � � �� �

� � � � � � ηn 	 � � � � 
� � � �  �� 	 � �� � 
 �� � �� � 
 �� � � � � ∃η 	 � � � � 
� � � �  ��

	 � �� � 
 � � � � � � ∀ε > 0 �� ��  �

lim
n→∞

P (|ηn − η| > ε) = 0,

�� � �� ηn� � � � � � � 
�� � � � � � � � � 	 �� � � � η � � � 
 � ηn ⇒ η 	 � � �

lim st
n→∞

ηn = η � � �

P
(
lim st
n→∞

ηn = η
)

= 1,

�� � �� ηn � 	 � � � � 
 � � � �  � � � � � � � 	 �� � � � η � � � 
 �

� � � � � � � � � � �� � �� � � � � � � ��

ηn =
ξ1 + ξ2 + · · ·+ ξn

n

	 �



� � � � � � 
 � � �� � � � � � � � � � � � � 	  � � �

� � ξ1, . . . , ξn � 
 � � � � 	 �� � �� � � � � � � � 
 �� � � � � � � � �� � � �

	 � � � � 
� � � �  �� 	 � �� � 
 �� � 〈ξk〉 = 〈ξ〉 � �� � ��

ηn =
ξ1 + ξ2 + · · ·+ ξn

n
⇒ 〈ξ〉

�� 
 � � � � � � � �

P

(∣
∣
∣
∣

ξ1 + ξ2 + · · ·+ ξn

n
− 〈ξ〉

∣
∣
∣
∣
> ε

)

6
Csebisev

σ2

ε2n

〈ηn〉 = 〈ξ〉
〈
η2

n

〉
− 〈ηn〉2 =

nσ2

n2
=

σ2

n

� � � � � 
 � � � � � � � �� � � � � � 	  � � �

� � �  �

〈
ξ4
i

〉
6 K � i = 1, 2, . . .� � � � � 
 � �� � ��
P

(

lim
n→∞

ξ1 + ξ2 + · · ·+ ξn

n
= 〈ξ〉

)

= 1

	 �



� � � � � � � � �� � � � � � � � � 
 � �� �  � � � 
 � 
 � � �  � �� � � � � � �� �� � 
 � � �

P

(∣
∣
∣
∣

ξ1 + ξ2 + · · ·+ ξn

n
− 〈ξ〉

∣
∣
∣
∣
< ε

)

> 1− p0

� � ε � p0� � ��� � � �� � �� � � �� � � � � n � �� 	 � � � � 
� � �� �

� � � � � � � �� � � 	

P

(∣
∣
∣
∣

ξ1 + ξ2 + · · ·+ ξn

n
− 〈ξ〉

∣
∣
∣
∣
> ε

)

6
σ2

nε2

σ2

nε2
6 p0

n >
σ2

ε2p0

	 �



�� � � �� � �� �  �� � � � �� � � ��� � � �

� � � � � � � �� � 
 
 � � � � � � � � � � � � � �� ��� � � � � � � �� � � � � � 
 � � � �

� �� � � 
 �� � � � �

� � � � � � �� ξ1, ξ2, . . . � � � � �� � � � � � 
 � � � � � � � � 
 � � � � 	 � � � � 
� � � �  ��

	 � �� � 
 �� � � � � � � � � � � � � � � � σ2
ξ =

〈
ξ2
〉
− 〈ξ〉2 � � � 
� � ��� �  � � � �

	 � � ��� � � � � � �� � � � � � � � � � � � � ζn � 
 �� � � �� � � 	 � � � � �� � � �

� 
 �� � � � � � � � 	 � �

ζn =
1√
n σ

(
n∑

i=1

ξi − n 〈ξ〉
)

%(ξ)� � � �� �

ζn =
n∑

i=1

ξi − 〈ξ〉√
n σ

=
n∑

i=1

χi; χi =
ξi − 〈ξ〉√

n σ

�� � � � � ζn � � � � 
 � � � � � 
 n→∞ � �� �� � � � � � � �

	 �



�  �� � � � � � � � � � �� � �� � � � � � 
 � � � � 	 � � � � 
� � � �  �� 	 � �� � 
 �� � � � 
 � � �

ηn = ξ1 + ξ2 + · · · ξn

〈ξi〉 = 1

σξi = 1

%1(x) = e−x x > 0

%2(x) =

∫ x

0

e−(x−y)e−y dy = e−x

∫ x

0

dy = x e−x

%3(x) =

∫ x

0

e−(x−y)y e−y dy = e−x

∫ x

0

y dy =
x2

2
e−x

���

%n(x) =
x(n−1)

(n− 1)!
e−x −→ ζn =

ηn − n√
n

〈ζn〉 = 0

σζn = 1

%̃n(y) =
√

n %n

(√
n y + n

)
y > −√n

� � � � ζn � �� � � �� � � � �� � � �� 	 � � � � 
� � � �  �� 	 � �� � 
 � �

	 �



y

%1(x)%2(x)%3(x)%4(x)

y

	 �



y

%̃1(y)%̃1(y)%̃2(y)%̃2(y)%̃3(y)%̃3(y)%̃4(y)%̃4(y)%̃5(y)%̃5(y)%̃6(y)%̃6(y)%̃7(y)%̃7(y)%̃8(y)%̃8(y)%̃9(y)%̃9(y)%̃10(y)%̃10(y)%̃11(y)%̃11(y)%̃12(y)%̃12(y)%̃13(y)%̃13(y)%̃14(y)%̃14(y)%̃15(y)%̃15(y)%̃16(y)%̃16(y)%̃17(y)%̃17(y)%̃18(y)%̃18(y)%̃19(y)%̃19(y)%̃20(y)%̃20(y)%̃25(y)%̃25(y)%̃30(y)%̃30(y)%̃35(y)%̃35(y)%̃40(y)%̃40(y)%̃50(y)%̃50(y)

y

%̃∞(y)

	 	



�  �� � � � � � � � � �� �� � � � � 
 � � � � 	 � � � � 
� � � �  �� 	 � �� � 
 �� � � � 
 � � �

ηn = ξ1 + ξ2 + · · · ξn

〈ξ〉 = 1/2

σξ = 1/12

%1(x) =







1, � � 0 < x < 1

�

0, � � �  � �  ��
%n(x) =

∫ 1

0

%n−1(x− y)%1(y) dy =

=

∫ 1

0

%n−1(x− y) dy =

∫ x

x−1

%n−1(u) du.

� � � � �� � � � � � �� � 	 � � � � � � � � �� � �� � � � � � �

%n(x) =
1

(n− 1)!

bxc
∑

i=0

(−1)i

(
n

i

)

(x− i)n−1 0 < x < n.

	 �



ζn =
ηn − n/2
√

n/12

〈ζn〉 = 0

σζn = 1

%̃n(y) =
√

n/12 %n

(√

n/12 y + n/2
)

−
√

3n 6 y 6
√

3n

� � � � ζn � �� � � �� � � � �� � � �� 	 � � � � 
� � � �  �� 	 � �� � 
 � �
y

%1(x)%2(x)%3(x)%4(x)%5(x)%6(x)%7(x)%8(x)%9(x)

y

	 �



y

%̃1(y)%̃1(y)%̃2(y)%̃2(y)%̃3(y)%̃3(y)%̃4(y)%̃4(y)%̃5(y)%̃5(y)%̃6(y)%̃6(y)%̃7(y)%̃7(y)%̃8(y)%̃8(y)%̃9(y)%̃9(y)%̃10(y)%̃10(y)

y

%̃∞(y)

	 �



p1(x1) dx1 = %(ξ1) dξ1

dx1 = dξ1√
nσ

p1(x1) = % (〈ξ〉+√nσx1)
dξ1

dx1

p1(x1) = % (〈ξ〉+√nσx1)
√

nσ

ϕ1(t) =

∫ +∞

−∞
eix1tp1(x1) dx1 =

=
√

nσ

∫ +∞

−∞

(

1 + ix1t−
x2

1t
2

2
− i

x2
1t

3

6
+ · · ·

)

p1(x1) dx1 =

=
√

nσ

∫ +∞

−∞
%
(
〈ξ〉+√nσx1

)
dx1 +

+
√

nσit

∫ +∞

−∞
x1%

(
〈ξ〉+√nσx1

)
dx1 −

−√nσ
t2

2

∫ +∞

−∞
x2

1%
(
〈ξ〉+√nσx1

)
dx1

−√nσi
t3

6

∫ +∞

−∞
x3

1%
(
〈ξ〉+√nσx1

)
dx1 + . . .

��



√
nσ

∫ +∞

−∞
%
(
〈ξ〉+√nσx1

)
dx1 =

∫ +∞

−∞
%(〈ξ〉+ y) dy = 1

√
nσ

∫ +∞

−∞
%
(
〈ξ〉+√nσx1

)
x1 dx1 =

1√
nσ

∫ +∞

−∞
%(y) (y − 〈ξ〉) dy = 0

√
nσ

∫ +∞

−∞
%
(
〈ξ〉+√nσx1

)
x2

1 dx1 =
1

nσ2

∫ +∞

−∞
%(y) (y − 〈ξ〉)2 dy =

1

n

√
nσ

∫ +∞

−∞
%
(
〈ξ〉+√nσx1

)
x3

1 dx1 =
1

n3/2σ3

∫ +∞

−∞
%(y) (y − 〈ξ〉)3 dy =

µ3

n3/2σ3

√
nσ

∫ +∞

−∞
%
(
〈ξ〉+√nσx1

)
xm

1 dx1 =
1

nm/2σm
µm

ϕ1(t) = 1− t2

2n
− it3µ3

6n3/2σ3
+O

(
1

n2

)

=

= exp

(

− t2

2n
− it3µ3

6n3/2σ3
+O

(
t4

n2

))

��



ϕn(t) = ϕn
1 (t) = exp

(

− t2

2
− it3µ3

6n1/2σ3
+O

(
t4

n

))

lim
n→∞

ϕn(t) = e−
t2

2

%n(x) =
1

2π

∫ +∞

−∞
eixte−

t2

2 dt =
1

2π

∫ +∞

−∞
e−

1
2 (t−ix)2−x2

2 dt

lim
n→∞

%n(x) =
1√
2π

e−
x2

2

��



� � � 
 � � ��� � �� �� � � � � 
 � � � �� � � � � �� � �� � 
 � � �

lim
n→∞

P

(
ξ1 + ξ2 + · · ·+ ξn − n 〈ξ〉

σ
√

n
< x

)

=
1√
2π

∫ x

−∞
e−

u2

2 du

lim
n→∞

P

(∣
∣
∣
∣

ξ1 + ξ2 + · · ·+ ξn − n 〈ξ〉
σ
√

n

∣
∣
∣
∣
< λ

)

=
1√
2π

∫ λ

−λ

e−
u2

2 du

P

(∣
∣
∣
∣

ξ1 + ξ2 + · · ·+ ξn − n 〈ξ〉
σ
√

n

∣
∣
∣
∣
< λ

)

≈ 2Φ(λ)− 1

P

( ∣
∣
∣
∣

ξ1 + ξ2 + · · ·+ ξn

n
− 〈ξ〉

∣
∣
∣
∣
< λ

σ√
n

︸ ︷︷ ︸

ε

)

≈ 2Φ(λ)− 1
︸ ︷︷ ︸

1−p0

1− p0 = 2Φ(λ)− 1

n > λ2 σ2

ε2

� �



�  � 
� � �� � � � �

ξ =

�
�

�

1, � � �

0, �� �	

−→
〈ξ〉 =

1

2
· 1 +

1

2
· 0 =

1

2

σ = p(1 − p) =
1

2

P










ξ1 + ξ2 + · · · + ξ10

10
− 1

2











<
λ

2
√

10
≈ 2Φ(λ) − 1

1 − p0 = 2Φ(λ) − 1 0.15λ

� � 1 − p0 = 0.99

2Φ(λ) = 1.99

Φ(λ) = 0.995

λ ≈ 2.57

 �
� �

�

0.15λ = 0.38

� � � 1 − p0 = 0.9

2Φ(λ) = 1.9

Φ(λ) = 0.95

λ ≈ 1.65
 �

� �
�

0.15λ = 0.24

� 	 �� �	 �� p0 = σ2

nε2
→ ε = σ

√
np0

ε1% = 1

2

1
√

10·0.01
≈ 1.58

ε10% = 1

2

1
√

10·0.1
= 0.5

� �



� � � � � � � � �  �� � � � �� � � ��� � � � � ��

� � � �� � �� σ2 �

� � � � � � � �
∫ +∞

−∞
%(y) (y − 〈y〉)2 dy =∞

� � � � � �� � � � 1

π

a

a2 + x2

%(x) ∼ 1

|x|ν x→ ±∞

ξ = x− 〈x〉 −→ %(ξ) ≈ C0

|ξ|ν ξ → ±∞

ϕ1(t) =

∫ +∞

−∞
eitξ%(ξ) dξ = 1−

∫ +∞

−∞

t2ξ2

2
%(ξ) dξ

︸ ︷︷ ︸

+∞
� � �� ��� �	 �


+ . . .

� �



ϕ1(t) =

∫ +∞

−∞
eitξ%(ξ) dξ =

∫ +∞

−∞

(
1 + eitξ − 1

)
%(ξ) dξ =

= 1 +

∫ +∞

−∞

(
eitξ − 1

)
%(ξ) dξ

ϕ1(t)= 1 +

∫ +∞

−∞
(cos(tξ)− 1) %(ξ) dξ + i

∫ +∞

−∞
sin(itξ)%(ξ) dξ

�  � 
 �� �� � � 


Im ϕ1(t) =

∫ +∞

−∞
sin(tξ)%(ξ) dξ

t→0≈
∫ +∞

−∞
sin(y)

|t|ν−1

|y|ν dy ≈ 0

� �� �� � � �

�	



� � � � � �  � 
 � |t|ξ = y � � � � �� � �� � � � � � �

Reϕ1(t) = 1 +

∫ +∞

−∞
(cos y − 1) % (y/|t|) dy/|t| t→0≈

≈ 1 +

∫ +∞

−∞
(cos y − 1)

|t|ν−1

|y|ν C0 dy + . . . ≈

≈ 1− |t|ν−12C0

∫ +∞

−∞

(
sin2(y/2)

/
|y|ν

)
dy + . . .

lim
y→+∞

sin2(y/2)
/
|y|ν =

1

yν

� �� � �� � � � �� � � � � ν > 1 �

lim
y→0

sin2(y/2)
/
|y|ν =

1

yν−2
� �� � �� � � � �� � � � � ν < 3 �

� �



� � � � ν > 3 �� � �� � � � 
� � σ2 �

� � ν < 1 �� � �� � �� � �� � � � � �� � � 
 � � � �

� � � ν < 2 �� � �� � �� � � � 
� � � 	 �� � �� � � � � �

�� � �� �� � �� � 	 �
 � � �� � � �

�� � ��  	�� ��� �� � ��

� � �� 	 � � � � � � �� � 	 �

�� � �� ���

� � � � �

� �



ϕ1(t)
t→0≈ 1− |t|ν−1 · C + {t � � � � � � � � � � � � � � � � � � � � �� }

µ = ν − 1

1 < µ < 2
%(ξ) ≈ C0

ξν
C = 4C0

∫ ∞

0

sin2(y/2)

yν
dy

xi =
1

nα
(ξi − 〈ξ〉)

x =
n∑

i=0

xi =
1

nα

( n∑

i=0

ξi − n 〈ξ〉
)

p1(x1) = nα% (〈ξ〉+ nαx1)

ϕ1(t) =

∫ +∞

−∞
eix1tnα% (〈ξ〉+ nαx1) dx1 =

nαx1 = y

� � �� �  � � � �

=

∫ +∞

−∞
eiyt/nα

nα% (〈ξ〉+ y) dy
t→t/nα

≈ 1− C
|t|µ
nαµ

+ . . .

� �



ϕn(t) = ϕn
1 (t)

ϕ1(t) ≈ exp

(

−C
|t|µ
nαµ

+ . . .

)

ϕn(t) ≈ exp

(

−C
|t|µ

nαµ−1
+ . . .

)

lim
n→∞

ϕn(t) =







1, � � αµ > 1

0, � � αµ < 1

exp (−C|t|µ) , � � αµ = 1

ϕn(t) = exp (−C|t|µ) n �� � � � � � � �� � � � � � � α = 1/µ

� �



x =
1

n1/µ

( n∑

i=0

ξi − n 〈ξ〉
)

%(ξ)→ C0

ξµ+1
C = 4C0

∫ ∞

0

sin2(y/2)

yµ+1
dy

lim
n→∞

%n(x) =
1

2π

∫ ∞

−∞
e−itxe−C|t|n dt

%n(x) =
1

π

∫ ∞

0

cos(tx)e−C|t|µ dt

� �  	 � � � � � � 
 � � � �� � � � �� � � � � � 
 � � � �� 1 6 µ 6 2

��



� � � µ = 1 � �� � � � �
ϕ1(t) =

1

π

∫ +∞

−∞

a

a2 + x2
eitx dx =

1

π

∫ +∞

−∞

1

1 + x2
eitxa dx

ϕ1(t) = e−a|t|

ϕn(t) = ϕn
1 (t) = e−an|t|

%n(x) =
1

π

na

n2a2 + x2
=

1

n

1

π

a

a2 + (x/n)2
=

1

n
%1(x/n)

��



� � � µ = 2 � �� � � �
ϕ1(t) =

1√
2π σ

∫ +∞

−∞
eitxe−x2/2σ2

dx

ϕ1(t) = e−σ2t2/2

ϕn(t) = e−σ2nt2/2

%n(x) =
1√

2π σ
√

n
e−

x2

2nσ2 =
1√
n

%1

(
x/
√

n
)

� �



Lµ(x) =
1

π

∫ ∞

0

cos(xt)e−C|t|µ dt

ϕµ(t) = e−C|t|µ

ϕn
µ(t) = e−Cn|t|µ

L(n)
µ (x) =

1

π

∫ ∞

0

cos(xt)e−Cn|t|µ dt

t′µ = ntµ � � �� �  � � � �

L(n)
µ (x) =

1

π

∫ ∞

0

cos(xt′/n1/µ)e−Cn|t′|µ dt′

n1/µ

L(n)
µ (x) =

1

n1/µ
L(1)

µ

( x

n1/µ

)

� �



� � � �� � � � � � �� � � � � �

�� � � � � � � � � � � � � � � � � � �� � � � � � �� � �� � � � � �� � � � 
� � �� � � � � � � �� � �

� � � � 
 � � � � �

� � � � � � �� � � � � �� � � � �� � 
 � � ��  � � �� %(x)� � � � �  � � � � � 	  � � � � � � �

� � � � � � x > 0 �

� �� � �� � � � � N � �� � � �� � �  � � � � x1, x2, . . . , xN �� � �� � � � � � �� 
 �

� � � � � � � � � � � � � � 
 � � � � �

x = max{x1, x2, . . . , xN}

N = 1 P (x1 < x) =

∫ x

−∞
%(y) dy = F (x)

N = 2 P (x1, x2 < x) = P (x1 < x)P (x2 < x) = F 2(x)

N P (x1, x2, . . . , xN < x) = P (x1 < x) · · ·P (xN < x) = FN (x)

� �



� � � � � � � � �� � � � � � � � � 
 � � � � �

%N (x) =
d

dx
FN (x) = NFN−1(x)%(x)

�� � � � � � �� 
 � 
 � 
 � � � � 
 � � � � � � � N �� ��  � �

� � � � � � � � � ��� � � � � 
 � � � � 
 � � � � �� 	 � � 	 � � � � � � � � � � � � 
� � � � ��� � � �

� � �� � � � ⇒ � �� � � � � � �� � � �� � � � � � � � � � � � � � � � 
� � � 
 �� �� ��� 	 � � �

FN (x) = F (aNx + bN )

� � � � � � � 
 x∗ = aNx∗ + bN � � �� �� � x∗ =
bN

1− aN

FN (x∗) = F (aNx∗ + bN ) = F (x∗)

FN−1 (x∗) (F (x∗)− 1) = 0

⇒
F (x∗) = 0

F (x∗) = 1

}

� � �� � � � � � �� � � � �� � � � �� � � �

� � �� �� � �� x∗ = 0 	 � � � x∗ =∞

� 	



x∗ =∞ � F (∞) = 1 �� �� � ⇒ aN = 1 � bN 6= 0

FN (x) = F (x + bN )

N ln F (x) = lnF (x + bN )

lnN + ln(− lnF (x))
︸ ︷︷ ︸

Ψ(x)

= ln(− lnF (x + bN ))

lnN + Ψ(x) = Ψ(x + bN )

lnN + lnN + Ψ(x) = Ψ(x + bN2)

lnN + Ψ(x + bN ) = Ψ(x + bN2)

Ψ(x + bN + bN ) = Ψ(x + bN2)

2bN = bN2

k bN = bNk

bN = α lnN

� �



ln N + Ψ(x) = Ψ(x + α lnN)

Ψ(x) =
x

α
+ β

− lnF (x) = eΦ(x) = e
x
α +β ⇒ lnF (x) = −e

x
α +β

F (x) = exp
(
−e

x
α +β

)
≡ exp

(
−λ2e

−λ1x
) (

lim
x→∞

F (x) = 1
)

%(x) = F ′(x) = exp
(
−λ2e

−λ1x
)
λ1λ2e

−λ1x =

= exp
(
−λ1x− λ2e

−λ1x
)
λ1λ2

FN (x) = exp
(
−Nλ2e

−λ1x
)

=

= exp

[

−λ2e
−λ1

�

x− ln N
λ1 �

]

= F (x− lnN/λ1)

λ2 → Nλ2

� �



� � � 	 � � � � 
� � � � � � � �� � x∗

%′ (x∗) = 0 −λ1 + λ1λ2e
−λ1x∗

= 0

d

dx
log % (x∗) = 0 e−λ1x∗

= 1/λ2

−λ1x
∗ = − lnλ2

x∗ =
lnλ2

λ1

� � � �� 	 � x∗
N = (lnNλ2)/λ1 �

� � � � � � x = x∗
N + y �

FN (x) = exp
(

−Nλ2e
−λ1(x

∗
N+y)

)

=

= exp
(

−Nλ2e
−λ1y−ln(Nλ2)

)

=

= exp
(
−e−λ1y

)
N � � � � �� � � � �

%(y) = exp
(
−λ1y − e−λ1y

)

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

x∗

p = 1/e

� �



� 
 x∗ = 0 � F (0) = 0 �� �� � bN = 0
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=
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�� �� � � �� 1

n
(x1 + x2 + · · ·+ xn) = x̄

�� ���� �� �	 	� � � � 	� � �� � �� � 1

n

(
(x1 − x̄)2 + · · ·+ (xn − x̄)2

)
= S2

�� ���� �� �	 k� � � �  � �� � �� � 1

n

n∑

i=1

xk
i

�� ���� �� �	 ←→ �� � �� �� � � 
�  � � � �	 � �� � � � 	� � � 	� � � 	� � � � 
� � �

	 � 
� �	� � � � 
 ←→ � 
 �� 	� �� � 	 � �	� � � � � � 	

 !



� 
 �� � � �� � � � � � ��  � ��� � � �� �� � � � �� � � �� �

n→∞ �� ��  � � 
 �� � � �� � � � � � �� � � −→ � ��  � ��� � � �� �� � � 


� � � � � � 
 � � �� � 	� 	  � �  � �� �� � � � � �� � 
 � � � �

� � � � �� � � �

S2 =
1

n

n∑

i=1

(xi − x̄)
2
; x̄ =

1

n

n∑

i=1

xi

〈
S2
〉

=
1

n

n∑

i=1

[〈
x2

i

〉
− 2 〈xix̄〉+

〈
x̄2
〉]

〈
x̄2
〉

=
1

n2

[ n∑

i=1

〈
x2

i

〉
+ 2

∑

i,j
i>j

〈xixj〉
]

=

=
1

n2

[

n
〈
x2
〉

+ 2
n(n− 1)

2
〈x〉2

]

=
1

n

〈
x2
〉

+

(

1− 1

n

)

〈x〉2

� �



〈xix̄〉 =
1

n

n∑

k=1

〈xixk〉 =
1

n

[

(n− 1) 〈x〉2 +
〈
x2
〉]

〈
S2
〉

=
1

n

[

n
〈
x2
〉
− 2(n− 1) 〈x〉2 − 2

〈
x2
〉

+
〈
x2
〉

+ (n− 1) 〈x〉2
]

=

=
1

n

[

(n− 1)
〈
x2
〉
− (n− 1) 〈x〉2

]

=
n− 1

n

[〈
x2
〉
− 〈x〉2

]

=

=
n− 1

n
σ2

� �� �� � � �� � � � � �� � � � � 
 � � � � �  � � 
 �� �
S∗2 =

n

n− 1
S2 =

1

n− 1

n∑

i=1

(xi − x̄)
2

〈

S∗2
〉

=
n

n− 1

〈
S2
〉

= σ2

� �



� �� � � �� � � � � � 
 � � � � � �� � � � � xi ∈ N (m, σ)

x̄ � � � � 
 � � � �

x̄ =
1

n

n∑

i=1

xi ∈ N
(

m,
σ√
n

)

S2 � � � � 
 � � � �

S2 =
1

n

n∑

i=1

(

xi −
1

n

n∑

j=1

xj

)2

=

=
1

n

n∑

i=1

x2
i −

2

n2

n∑

i,j=1

xixj +
1

n2

( n∑

j=1

xj

)2

=

=
n− 1

n

1

n

n∑

i=1

x2
i −

2

n2

∑

i<j

xixj

� �



� � 	 � 
 �� 	 � � 


xi = m + σzi, zi ∈ N (0, 1)

� � � 	 � � � �

S2 =
n− 1

n

1

n

n∑

i=1

(
m2 + 2σmzi + σ2z2

i

)
−

− 2

n2

∑

i<j

(
m2 + 2σmzi + 2σmzj + σ2zizj

)
=

= σ2 n− 1

n

1

n

n∑

i=1

z2
i − σ2 2

n2

∑

i<j

zizj

� � 
 � � � � � � � � 
 y =
nS2

σ2

	 � �� � 
 �� �

y =
n− 1

n

n∑

i=1

z2
i −

2

n

∑

i<j

zizj

� � �



p(y) =

∫

· · ·
∫

dz1 dzn δ

(

y −
(

1− 1

n

) n∑

i=1

z2
i +

2

n

∑

i<j

zizj

)

×

× 1√
2π

e−z2
1/2 1√

2π
e−z2

2/2 · · · 1√
2π

e−z2
n/2

ϕ(t) =

∫ +∞

−∞
p(y)eity dy =

=

∫
dnz

(2π)n/2
e
it(1− 1

n )
n

�
i=1

z2
i −2 it

n�

i<j
zizj− 1

2

n

�

i=1
z2

i

=

=

∫
dnz

(2π)n/2
e−z A z =

1

(2π)n/2

√

πn

detA

� � �



A =











1
2 − it

(
1− 1

n

)
it
n

it
n · · ·

it
n

1
2 − it

(
1− 1

n

)
it
n · · ·

it
n

it
n

1
2 − it

(
1− 1

n

)
· · ·

�
�

�

�
�

�

�
�

�

�

�

�











detA =

n∏

i=1

λi; λiv
(i) = A v(i)

A =

(
1

2
− it

)










1 0 . . . 0

0 1 . . . 0

. . . . . . . . . . . . .

0 0 . . . 1










+
it

n










1 1 . . . 1

1 1 . . . 1

. . . . . . . . . . . . .

1 1 . . . 1










� � �



� �� � 
 � � � � � � v =

( v1

�
�

�

vn

)

� � ��  � �

Av =

(
1

2
− it

)

v +
it

n

n∑

i=1

vi








1

�
�

�

1








� � � �� 	 �� � �� �� �

� �

∑n
i=1 v

(k)
i = 0� � �� � � � � � � � �� � v(k)� �� � 
 � � � � �� � � 
 � � � (n− 1)

� � � � � 
� � � � �� � � (n− 1)� �� �� λ =
(

1
2 − it

)

� � � �� � � � � � � �

� �

∑n
i=1 v

(k)
i 6= 0 �� ��  � v(k) =

( 1

�
�

�

1

)
� � � � � �� � � � �

λ = 1
2 − it + it = 1

2 �

� � �



detA =
1

2
·
(

1

2
− it

)n−1

ϕ(t) =
1

(1− i2t)
n−1

2

=⇒ χ2 � � � � � 
 � � � n− 1� 
 �� � � � � �� � �� � � ��

p(y) =
y

n
2 − 3

2 e−y/2

2
n−1

2 Γ
(

n−1
2

)

� � �



�  � � �� � � �� 	 � � �� � �� �

� � � � � �� �� � � �� � � � � ��� � 
�� � �� � �� � � � � � � � � 
 � � � � � � � � � � � � � �

� �� �� � 
 �� � 
 � � � � 
 � � � � � � � �� � � � ��  � �� � � � � � � � � � � �

p(x; a) � � � � � � � � � �� � � � � � 
 � � � → � 
 �� � � � σ �

→ 	 �� � �� � � � � � m �

� �� � � � ��� � � � � 
 � � � → λ � �� � � � ��

�� � �� � �� � 
 x1, x2, . . . , xn� � �� � � � �� �� � � 
 �� � � � � � � � a� � � � � �� � � �

� � � � � � ⇒� � ��� � 
�� � �� � � � � 	  � � 	 � � � � � ��� � 
�� � � �
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 	 � � 
 �� � �� 
� � �� � � � � � �� � �

� 	 
 	� � � �� � � � � 
� � �� � � � � � � �� �  � � �� � � 	 �� � �

� 	 �� � �� � � � � � �� � � � � � � �� � � � � p(x; a) � a � � � � � � 〈x〉 = a � � � � ��

x̄ =
1

n

n∑

i=1

xi = â(x1, x2, . . . , xn)

� � �� � � � � � � �� � � � � � �� � � ��� � � � �� � � �� � 	 
 � � �

â =

n∑

i=1

aixi;

n∑

i=1

ai = 1

〈â〉 =
n∑

i=1

ai 〈xi〉 = 〈x〉 = a

� � 	



〈
â2
〉
=

〈( n∑

i=1

aixi

)2〉

=

〈
∑

i,j

aiajxixj

〉

=
n∑

i=1

a2
i

〈
x2
〉
+
∑

i6=j

aiaj 〈x〉2
� � � � � �� � min

{〈
â2
〉
− 〈â〉2

}

� � �� �� �� � 
 � � � �

n∑

i=1

ai = 1

� � � � � � � �� � � � � � � � �� � � � � � � � � λ � � � � � �� � � � �� � � ��� � �� � �� �� �

∂

∂ak

[ n∑

i=1

a2
i

〈
x2
〉

+
∑

i6=j

aiaj 〈x〉2 − 〈x〉2 − λ
n∑

i=1

ai

]

= 0

2ak

〈
x2
〉

+ 2
∑

j 6=k

aj 〈x〉2 − λ = 0

2ak

〈
x2
〉

+ 2(1− ak)
〈
x2
〉

= λ

� �� � �� � �� � � � k� � � � � � � � �� � � � � � ak = C(λ) �

n∑

i=1

ak = nC(λ) = 1 ⇒ C(λ) = ak =
1

n

� � �



� � 
 �� � � � �� 
� � �� � � � � � �� � � � � p(x; a)

�

a = σ2

â = S∗2 =
1

n− 1

n∑

i=1

(xi − x̄)
2
; x̄ =

1

n

n∑

i=1

xi

� � 
 � � � � � �� 
� � �� � � � � � �� �  � � �

S2 =
1

n

n∑

i=1

(xi − x̄)
2 � �� 
� � �� � �

� 
 a � �� � � � �� � � �� �  � � �� � 
 �� � � â1, â2, . . . , ân, . . .

lim
n→∞

〈ân〉 = a

� � � 
� � � � ��� � � � � � � � � 
� � �� � � � � � �� � � � � � � S2

� � � 
� � � � ��� � � � � �

� � � 
� � �� � � � � � �� � � � σ2� � �� �

� � � 
� � 
� � � � � � �� �  � � � � an → a

� �  � �  � �� � � �� � � � � � � � � � y = â(x1, . . . , xn) � � � � �� x1, x2, . . . , xn

� � �� � � � �� � � � � 
 � � � � � � � �� � � �� � 
 
 � a� � �

� � �



� � �� � � � � �� � � �� � � � � � � � � 
 ��

p(x; a)� � � � a� � � � �� � � � � � � 
 x1, x2, . . . , xn n � � �� � � � �� � � � � � � � � �

L(x1, x2, . . . , xn; a) = p(x1; a)p(x2; a) · · · p(xn; a)

L �� � � � � � � � � �� � 	 � � � � 
� � � �  �  	 � � � � � � �  � � � � x1, x2, . . . , xn

� 	 	 �� � � 
� � � � � � �� � a � �� � � � �� � � � � �� � �

� �� � � � � � � � � � 
� � 
 a� � � � � � � � � � �� � � 
 x1, x2, . . . , xn� �� � 
 ��

� � ��� � � � � � � � � � � 	 � � � � 
 � � � � � �
max

a
L(x; a) ⇒ ∂L

∂a

∣
∣
∣
∣
â(x1,x2,...,xn)

= 0;
∂2L

∂a2
< 0

⇓
â(x1, x2, . . . , xn)

� 


∂L

∂a
= 0� � � � �� � � �� �� � 


∂ ln L

∂a
= 0� � �� � � �� � � 	� 
� � � � �� �

� � �



� 	� � 	 � �� � 
 � � � ��  � � ∂ ln L
∂a1

= 0; ∂ ln L
∂a2

= 0; . . . ; ∂ ln L
∂ar

= 0;
� � � � �� � � � � � �� � � � � � 
 � � � p � �� � � � ��  � �� � � �� � � �

p(x; a) =

(
N

x

)

ax(1− a)N−x

L(x1, x2, . . . , xn; a) =
n∏

i=1

(
N

xi

)

axi(1− a)N−xi

ln L =

n∑

i=1

[

ln

(
N

xi

)

+ xi ln a + (N − xi) ln(1− a)

]

∂ lnL

∂a
=

n∑

i=1

[
xi

a
− N − xi

1− a

]

=
n∑

i=1

(1− a)xi − a(N − xi)

a(1− a)
=

=
1

a(1− a)

n∑

i=1

(xi − aN) = 0 ⇒ â =
x1 + x2 + · · ·+ xn

nN

� � �



� �� �� 	 � � �� � � � �� � �

P (â1 6 a 6 â2) = 1− p

� � � � � â1 � â2� � ��� � 
�� � �� � � � � � � � � � � � � � � � � � � � � � ��� ��

� � � � �� � � � �� � � � � � � � � � 
� � 
� �� �� � � � �� � �� � �� � � � � � �� � � � �� � � � �

� � � � � �� � � �  � � � � ��� � �

� � � � � � � �� �� �� �� � � � �� � �

� � � � � � x1, x2, . . . , xn � � � � � �� � � � � � � � � � � σ� � �� � � � � � � � �� � � � � � �

� �� � �� � � � � � � � � � �� � � � � � � � � � � � �� �� �� �� � � � �� � �� �

u =
x̄−m

σ
√

n
∈ N (0, 1) (m = 〈x〉)

P (|u| 6 up) =
2√
2π

∫ up

0

e−x2/2 dx = 1− p

� � � � p = 0.05 �� ��  � up = 1.96

x̄− up
σ√
n

6 m 6 x̄ + up
σ√
n

� � �



� �� � �� � � � �� � � � � � � � � � �  � �� ��� � � � � p� � � � � �� � � � � � � � � � � � �� �

� �� �� � � � �� � �  �� �  � � � �  � � d � � � � � � �

up
σ√
n

6 d ⇒ n > u2
p

σ2

d2

� � � � � � � �� �� �� �� � � � �� � 〈x〉� � �� � � �� �� � � � σ � � ��  �

t =
√

n
x̄− 〈x〉

S∗ =
√

n− 1
x̄− 〈x〉

σ√
n

/ √
n− 1

σ
S∗

� � � � � � � � � N (0, 1) � � �� � � �� � � � � � � � � � � � �

� � � � � � � n− 1� � �� � � � � �� � �� � χ2 � � � � � � � �

}

⇒

⇒ t n− 1� � �� � � � � �� � �� � �� � � � �� � � t� � � � � � � � � � �

P (|t| 6 tp) = Sn−1(tp) = 1− p

� � �



(1− p)100%� � � � � � � � � � �� �� �� �� � � � �� � � �� �� �� �

x̄± tp
S∗
√

n

� � � � � � � � �� � � � � � � � � � � �� � �� � � � �� � �� � � �

x̄ =
1

15
(t1 + t2 + · · ·+ t15) = 1200 � � �

S∗ = 186 �� �
n− 1 = 14 � � �� � � � � �� � ��

� � �� � �� �� � � � � 99% ⇒ p = 0.01

x̄− t0.01
S∗
√

n
= 1200− 2.977

186√
15

= 1057 �� �

x̄ + t0.01
S∗
√

n
= 1200 + 2.977

186√
15

= 1343 �� �

� � �



�  � � �� � � �� � �
 	 ��

� �� � � �� � � � � � � � � � � � �� � � � � �� � � �� � �

u� � � �� � � σ � � �� �

�� � �� � �� � � � � �� � � � � � �� � �� � �� � �� � m0

u =
√

n
x̄−m0

σ
∈ N (0, 1)

P (|u| > up) = p

� � p� � ��� � �� � �� |u| 6 up� � �� � �� � � �� � � �

〈x〉 �� m0� 	 � 	� � � �� � �� � � � � � � � � �� �� � � (1− p0)100%� � � � �� �� � � �

t� � � � � � � σ � � 〈x〉� � � �� �� � � �

�� � �� � �� � � � � �� � � � � � �� � �� � �� � �� � m0

t =
√

n
x̄−m0

S∗

P (|t| > tp) = p � � � � � �� � � � � � � � � � � �� � � � �� �� � �

� ��



� � �� �� � �� � �� � � � � 	 � 	 � � � � � � � � � � � � �� � 	� � �� � �� � �� � �� � � � � � � � � � �

� �� � �� � �� �� �

�� � � � � � � � � �

� � � � � � � �� �

� � � � � � � � � � �

� � � � � � � � � �

� � � �� � � � � � �
x̄ = 99.4%

n = 10

S∗
√

n
= 0.2285%

t =
√

n
x̄− 100%

S∗ = −2.63

t0.05 = 2.262 � � � � � � � �� �� � � � �� � �� � �� � � � � �

t0.01 = 3.250 � � � � � � � �� �� � � � �� � �� � � � � �

� � �



� χ2� � � �� �

� � � � �� � � � � � � � � � � � � � � � � � � �� �� � � �� �� � � �� � �� � �

� �� �� �� �	
 �� �
 � ��� � � �� � �� �
 � � ��

� p0 ν0

� p1 ν1

� p2 ν2

�
�

�

�
�

�

�
�

�

� pr νr

n∑

i=0

pi = 1
r∑

i=0

νi = n

r∑

i=0

(νi − npi)
2 → χ2 =

r∑

i=0

(νi − npi)
2

npi

� � �



�� � �� � �� � �� � � � �� � �	 � �
 �� � 	 �

zi =
νi − npi√

npi

n→∞� �� � � � 	 � � �� � � � � �� �  �	 � � � � �� 	 � � � � � �� � � 1− pi

� � � � � � � � �� �� � � � � � �� �� � �� � � � �� � � � �	 � � � �� � � � � �� � �� � � � �

χ2 =
r∑

i=0

z2
i

r∑

i=0

√
pizi = 0 � �� � � � � �� �� � �� � �

χ2	 � � �� � � � � �� �  �	 � r � �	 �	 � � � �� � �� � χ2� � � � �� � �

lim
n→∞

P
(
χ2 < x

)
= Kr(x)

p = 1−Kr

(
χ2

p

)
≈ P

(
χ2 > χ2

p

)

� npi > 10� � � � � � � �

� � �



� � �� � �� ��� 	 


� �� � � �� � � �� � � � � ��� �  � �

� � � �	 � y ��� �� � � � � g � � � � �� �� � � � �

yy, yg, gy
︸ ︷︷ ︸��� ���

, gg
︸︷︷︸� � !

yy gg

↘↙
yg, gy

↙↘
yy, yg, gy
︸ ︷︷ ︸

75%

, gg
︸︷︷︸

25%

" " #



� � � �� �� � � � �� 	 �	 � � � �� � ���

� � � �� � � � �� �� � � �� 	 � � �� � � �� χ2� � �� �

χ2 =

(
ky

n − py

)2

py
+

(
kg

n − pg

)2

pg

� � � �� �� � � � � �� �� � �� � � �� �� � χ2 � � �� � 	 � � �� � �

84∑

i=1

χ2
i ≈ 42

�� 	 �	 � � � �� � �� �

� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �

p

� � �� � � � � �� � �� � � �

p ≈ 4 · 10−5

	� 
� �� �� � � � � � � �

" " �



�� � �� � �� � � � � � �� � � �� �� � � � � �� 	 �

pi = pi(a1, a2, . . . , as)

â1, â2, . . . , âs� 	 
 � �  � �� � � � � � � � � �� � �� � �� � 	 �	 �	 � � �� �� � �� �

χ2 =
r∑

i=1

[ki − npi(â1, â2, . . . , âs)]
2

npi(â1, â2, . . . , âs)

r − s− 1 �� 	 �	 � � � �� � � � � χ2� � � �� � � � � 	 �

� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � �

"� 	



� � � �� �� � � �� � � � � � � �� 	 �

A1, A2, . . . , Ar ↖
B1, B2, . . . , Bs ↙ � � � �� �� � �� � � � 	 ∀i, j ∈ N

P (AiBj) = P (Ai)P (Bj)

�� �� � � kij	 � AiBj �� 	 � � �� � � �	
n =

∑

i,j

kij ki• =
∑

j

kij k•j =
∑

i

kij

χ2 = n
r∑

i=1

s∑

j=1

(

kij − ki•k•j

n

)2

ki•k•j

(r − 1)× (s− 1) �� 	 �	 � � � �� � �� � χ2� � � �� � � �

"� "



� �� � �� �� � � �� � � � � �� 	 �

� � 	 � 	 � �  � � � � �� �� � � � �� � � � � � � �	  �� 	 �	 � � � � 	 � � � � �� � � � � � �

�� � �� 	 � � � �� �
� �� � �� �
 � � ��

µ1 ν1 µ1 + ν1

µ2 ν2 µ2 + ν2

��� ��� ���

��
���	

��

����
��
���

��
���

����
��
�
����
��

µr νr µr + νr

m � � n � � n + m � �

χ2 = mn
r∑

i=1

1

µi + νi

(µi

m
− νi

n

)2

r − 1 �� 	 �	 � � � �� � �� � χ2 �� � � �� � � � � n, m→∞ �

"� �



� �� � �� � �� � � �� � � � � � 	 ��

	� � �� � �� � � � �� �� � � � �

X1, X2, . . . , Xp � � � � �� � �

xi1, xi2, . . . , xip 	 � � � �	 i � �� � � � � � �

x̄j =
n∑

i=1

xij

n

� �� 	 � � � � � � �

S2
j =

1

n− 1

n∑

i=1

(xij − x̄j)
2 �� � � � �� � � � � �

cjk =
1

n− 1

n∑

i=1

(xij − x̄j) (xik − x̄k) � � � 	 �� 	 � �� 	 �� � � �� 


rjk =
cjk

SjSk

� � � �� � � �� � �� � � �� 


"� 	



ξ1, ξ2, . . . , ξn

ξ1 = a1 + b12ξ2 + b13ξ3 + · · ·+ b1nξn

	� � �� � �� � � � �� �
〈
(ξ1 − a1 − b12ξ2 − b13ξ3 − · · · − b1nξn)2

〉
= f � � �� � �� � �

0 =
∂f

∂a1
→ 2 〈ξ1 − a1 − b12ξ2 − · · · − b1nξn〉 = 0

〈ξ1〉 −
n∑

i=2

b1i 〈ξi〉 = a1

0 =
∂f

∂b1i
→ 2 〈(ξ1 − a1 − b12ξ2 − · · · − b1nξn)ξi〉 = 0

〈ξ1ξi〉 − a1 〈ξi〉 −
n∑

i=2

b1j 〈ξjξi〉 = 0

"��



〈ξ1ξi〉 − 〈ξ1〉 〈ξi〉 −
n∑

i=2

b1j {〈ξjξi〉 − 〈ξi〉 〈ξ1〉} = 0

c1i = 〈(ξ1 − 〈ξ1〉)(ξi − 〈ξi〉)〉 = 0

c1i =
n∑

j=2

b1jcji i 6= 1

� � �	 � � �	 � � � � � � � � � 	 min

〈(

ξk − ak −
∑

j 6=k

bkjξj

)2〉

�� � �� � �� � � �

�� � 	 �	 � � � � �� � � � � �

cki =
∑

j 6=k

bkjcji i 6= k

0 =
∑

j

bkjcji i 6= k, bkk = −1

bkj = α
(
c−1
)

kj
bkk = −1 = α

(
c−1
)

kk

"� �



α = −1/
(
c−1
)

kk

(
c−1
)

ij
= (−1)i+j Cij

|C|

	 � � � Cij	 � �� � � �� � � � � � � �	 � � �� � 	 � �� �� �� � � � � ��

α = − |C|
Ckk

bij = (−1)i+j+1 Cij

Cjj

ai = 〈ξi〉+
∑

i6=j

(−1)i+j Cij

Cjj
〈ξj〉

"� �



�� � �	 � � � �  � �

� � �� �

�� ��	 
 � �

� � �� �� � 

� � ��	 
 � �

� � �	 
 �� � � 

� � � � ��� � � � �

� � � � � � �� � � � � � �

� � � �� � � � �� �� � � �

� � � � � � �� � � � � � � �

� � � �� �� � � � �� � �

� � � � � � � � �� � � � �

� � �� � � �� � � �� � �

� � �� � � �� � � � �� �

� � � � � � � � � � � � � �

� � � � � �� � � � � �� �

� � � � �� � � � � �

x̄ � �� � = 28.92

x̄ �    � � � = 25.11

C12 = 88.41

S2
1 = 113.45

S1 = 10.65

S2
2 = 94.79

S2 = 9.72

"� �



b12 =
C12

C22
=

88.41

94.79
= 0.936

a1 = 25.11− 0.936 · 28.92 = −1.95

y = 0.936x− 1.95

� � �� � � � �

b21 =
C21

C11
=

88.41

113.49
= 0.779

a2 = 28.92− 0.779 · 25.11 = 9.36

x = 9.36 + 0.779y

"� #



� � � �� � � �� � �	 �	 � �� � �

X1, X2, . . . , Xp� � � � � 	 � � �� � � � �� �� � � � � �� � �

Z1 = a11X1 + a12X2 + · · ·+ a1pXp

Z2 = a21X1 + a22X2 + · · ·+ a2pXp

���

Zp = ap1X1 + ap2X2 + · · ·+ appXp

� � � �� � � �� � �� � � 〈ZiZj〉 = 0

σ(Z1) > σ(Z2) > . . . > σ(Zp)

� � � �� �� � � � � � � � �� � �� � � � � � � � � � � �� � � 	 � � � �	 � � � � � � 	 � � � �

�� 	 � � � � � �	 	 � 	 �	 � �� � �� � �� 	 � � � � � � � �	 �

� 〈Xi〉 = 0 �

〈
X2

i

〉
= 1 � �	 � �	 � �� � �� � � �� � �� � � �

"� �



∀i ∈ N� �� �� �

∑

j

a2
ij = 1 � � � � � � �� � � � �� � �� �� 
 � aij � � � � � � �� 	

� � � 	 �� 	 � �� 	 � � � �� 
 �	 � � � � � � � � �	 � � � �� �� � �










1 C12 C13 . . .

C21 1 C23 . . .

���

��� � � � . . .

Cp1 Cp2 . . . 1



















ai1

ai2

���

aip










= λi










ai1

ai2

���

aip










〈ZiZi′〉 =
〈(∑

j

aijXj

)(∑

j′

ai′j′Xj′

)〉

=
∑

jj′

aijai′j′ 〈XjXj′〉 =

=
∑

j

aij

∑

j′

Cjj′ai′j′ =
∑

j

λi′ai′jaij = λi′δii′

σ2(Zi) = 〈ZiZi〉 = λiδii = λi
∑

i

λi = p

" 	 	



�� � �	 ��  � � 	 � � � � �� � � � �  � � � � �	 � ��� �  �

Z1 = 0.52(AGR) + 0.00(MIN)− 0.35(MAN)− 0.26(PS)−
− 0.33(CON)− 0.38(SER)− 0.07(FIN)− 0.39(SPS)−
− 0.37(TC) ≈ AGR− � � � ��

λ1 = 3.487 (38.7%)

Z2 = 0.05(AGR) + 0.62(MIN) + 0.36(MAN) + 0.26(PS) +

+ 0.05(CON)− 0.35(SER)− 0.45(FIN)− 0.22(SPS) +

+ 0.20(TC) MIN + MAN− (FIN + SPS +

+TC + PS + SER)

λ2 = 2.130 (23.6%)

λ9 = 0!!!
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�	 � � � �	 �	 � �� � �

X1 � a1F + e1

X2 � a2F + e2

��� ���

Xi =
k∑

j=1

aijFj + ei

� �� � � �	 � � � � �� Fi � k < p� � � � � �  � � �	 �� � �� � � �� � �� � �� �

Xi =
∑

j

aT
ijZj

λi < 1� �� �� � � � � � � � � �� � � �� � � � � �	 �� � �� � � �� � �
Xi =

∑

j6p

aT
ijZj + ei

" 	�



� � 	 �� �� �	 �	 � �� � �

dij � � � � � � � � � � � �� � � �� � � �	 � 	 � � �� � � � � � �	 � � � � � � � �� � � � →

� � � � � � � � �� � � �	 � � � � � � � � �� � �� � �
" 	 �



� � �� �� � � � � �� � � �� � 
 �� � �� �

x(t), t ∈ I � � � � �� � � � �� � �� � � � � � � �	 � � � �	

I =� � � �� �� � �� � 	 � � � � � � �� � � � �� � � � � � �� 	 � �

I = R �� � � � � 	 �� �� �  � � � � � 	 � 	 �

I = Rd �� � � � � 	 �� �� �  � � � � �

t :=� �� � x(t)� 	 � � � � � � � � � � �

t1 t2 tn−1 tn

(x1, t1), (x2, t2), . . . , (xn, tn) � �	 �� � � � �� 	
" 	�




 � � � � 	 � 	 � � � � � � � �� � � � � � � � � � � � �� � �� � � �� � �� � 	 � � � �� � 	 � � � �

P1(x1, t1)

P2(x1, t1; x2, t2)

P3(x1, t1; x2, t2; x3, t3)
���

P2(x1, t1; x2, t2; . . . ; xn, tn) dx1 dx2 · · · dxn

	 � �	 � 	 � 	 � � �� � � � �� �� � � � �� 	 � �	 �� � � � �� 	 � � �� � � 	 t1 � t2 � . . . � tn

� �� � �� � 	 � (x1, x1 + dx1) � (x2, x2 + dx2) � . . . � (xn, xn + dxn)

� � �� � � 	 � �  � �	 � �� � �

� � �� �� � � � � �

∫

Pn(x1, t1; . . . ; xn, tn) dx1 · · · dxn = 1

� �� �	 �� �� � � � � � �

∫

Pn(. . . ; xi, ti; . . . ) dxi = Pn−1(. . . ; xi−1, ti−1; xi+1, ti+1; . . . )

" 	 �



� � �� 	 � � � � �� � � f(x(t1), x(t2), x(t3))

〈f〉 =

∫

f(x1, x2, . . . , xn)Pn(x1, t1; . . . ; xn, tn) dx1 · · · dxn

� 	 �	 � �� �� �� �� �  � � � � � � � � �

Φn(y1, t1; y2, t2; . . . ; yn, tn) =
〈

ei �

n
j=1 yjx(tj)

〉

	 Pn � � � � �� � � � � � � � � � � �  �� � �
� � �	 � �� � � �� � � � �	 �

Φn(0, t1; 0, t2; . . . ; 0, tn) = 1

Φn(. . . ; 0, ti; . . . ) = Φn−1(. . . ; yi−1, ti−1; yi+1, ti+1; . . . )

� �� � � �  � ��

ml1l2...ln ≡
〈
xl1(t1)x

l2(t2) · · ·xln(tn)
〉

=

= (−i)l1+l2+···+ln
∂l1+l2+···+lnΦn

(∂y1)l1(∂y2)l2 · · · (∂yn)ln

∣
∣
∣
∣
y1=y2=···=yn=0
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� � � �� � � �� � � � � � � � � � �

K(t1, t2) =
〈(

x(t1)− 〈x(t1)〉
)(

x(t2)− 〈x(t2)〉
)〉

=

= 〈x(t1)x(t2)〉 − 〈x(t1)〉 〈x(t2)〉

� � � � � � � � �� � � �� � � � 	 �� � � � �� � �� 	 �� 	 � 	 t1 � �� � � � t2 � �� � � � � � � �� � � �

� � � � 	 � 	 � � � 	 K(t1, t2) = 0�

� �	 �� � � � ��  � � � � � 	 � 	 � � � � 	 � � � � � 	 � 	 � � � � � � �� �

� � � � �� � � � � � � � � � � � � � 	 � � � � �	 � � �� � � � � � � � �	 � �� � � �� � �

Pn(x1, t1; . . . ; xn, tn) = Pn(x1, t1 + τ ; . . . ; xn, tn + τ)

�	 � �� � � � �� � τ� �� �� �� � �� �

P1(x1, t1) = P1(x1, t1 + τ) ⇒ P1(x1) � �� � � � �� �� � �

P2(x1, t1; x2, t2) = P2(x1, 0; x2, t2 − t1) � �	 � t2 − t1
� � � � � � �� � �� � � � � �

" 	 �



K(t1, t2) = 〈x(t1)x(t2)〉 − 〈x(t1)〉 〈x(t2)〉 =

=

∫

x1x2P2(x1, t1; x2, t2) dx1 dx2 −

−
∫

x1P1(x1, t1) dx1

∫

x2P1(x2, t2) dx2

� �	 � � � � � � �  �� �� � �� �

=

∫

x1x2P2(x1, t1 − t2; x2, 0) dx1 dx2 −

−
∫

x1P1(x1) dx1

∫

x2P1(x2) dx2 = C(t1 − t2)

� �� � � � �� � � � � � � �� �

X(ω) =

∫ +∞

−∞
(x(t)− 〈x(t)〉) eiωt dt

"� 	



〈X(ω)X∗(ω′)〉 =
〈∫ +∞

−∞
(x(t1)− 〈x(t1)〉)eiωt1 dt1 ×

×
∫ +∞

−∞
(x(t2)− 〈x(t2)〉)e−iω′t2 dt2

〉

=

=

∫ +∞

−∞

∫ +∞

−∞
ei(ω−ω′)t2+iω(t1−t2)K(t1, t2) dt1 dt2 = . . .

�� �� � � τ = t1 − t2 � K(t1, t2) = C(t1 − t2)� � � � � �

. . . =

∫ +∞

−∞

∫ +∞

−∞
ei(ω−ω′)t2 eiωτC(τ) dτ dt2 =

= S(ω) · 2π · 1

2π

∫ +∞

−∞
ei(ω−ω′)t2 dt2 = 2π S(ω) δ(ω − ω′)


 � � � �� � � � � � � � � 	 � S(ω) =

∫ +∞

−∞
eiωτC(τ) dτ �� � � � � � ��

"� "



� � � �� �� � � � � � � 	 � 	 �

Pn(x1, t1; . . . ; xn, tn) =
n∏

l=1

P1(xl, tl)

� 	 �� � � � � � � 	 � 	 �


 � � � � � �	 � � � � � �	 � � �� � ��  �	 � � � � �� �� � � � � �	 � 	 �� � � � �� � 	 � � � � � � � � �

� � �	 � � ��

� 	 �� � � �  � 	 � � � � � � �

�� �� � � t1 > t2 > t3 > · · · > tn

P (x1, t1|x2, t2; . . . ; xn, tn) =
Pn(x1, t1; x2, t2; . . . ; xn, tn)

Pn−1(x2, t2; . . . ; xn, tn)

⇓
P (x1, t1|x2, t2; . . . ; xn, tn) = P (x1, t1|x2, t2)

︸ ︷︷ ︸

� ��  �  �� ��  � � �� � � � � �

"� �



P (x1, t1|x2, t1) = δ(x1 − x2)

Pn(x1, t1; x2, t2; . . . ; xn, tn) = P (x1, t1|x2, t2)Pn−1(x2, t2; . . . ; xn, tn)

Pn(x1, t1; x2, t2; . . . ; xn, tn) = P (x1, t1|x2, t2)P (x2, t2|x3, t3) · · ·
· · ·P (xn−1, tn−1|xn, tn)P1(xn, tn)

� �� �	 � � � �� � � � � � �� � �� �� � �� � � � � � �� � � �� 	

� � 	 � � 	 �� � � � � � � � � � � �� �� � � � � � �
P (x1, t1|x3, t3) =

∫

P (x1, t1|x2, t2)P (x2, t2|x3, t3) dx2


 � � � � � � �� � �� �� � � � �� � � � � � �

�� �� � � f(x)� � �� � � � � � � � � � � � � � ‖f‖ = sup |f | < +∞ �

Tt′,t f(x′) =

∫

f(x)P (x, t|x′, t′) dx t′ < t

� 	 f(x) > 0	 � � � � Tt′,t f(x) > 0 � � �� � �� � ��

"� 	



‖Tt′,t f‖ = sup

∣
∣
∣
∣

∫

f(x)P (x, t|x′, t′) dx

∣
∣
∣
∣
6

6 sup |f |
∫

P (x, t|x′, t′) dx = ‖f‖ �� � � � �	 � � �� �

Tt,t = I

� � 	 � � 	 �� � � � � � � � � � � �� �� � � � � �
Tt′,t f(x′) =

∫∫

f(x)P (x, t|x′′, t′′)P (x′′, t′′|x′, t′) dx′′ dx =

= Tt′,t′′Tt′′,t f(x) t′ < t′′ < t

Tt′,t = Tt′,t′′Tt′′,t

T �  � � � � � �� 	 �� �

"� �



� � � � � �� � �� �� � � � �� � � � � �

At f = lim
s→0

1

s
(Tt,t+s f − f)

Tt,t+s = I +Ats +O
(
s2
)

� � � � � � � � � � �� �� � � � � �
1

s
(Tt′,t+s − Tt′,t ) =

1

s
Tt′,t (Tt,t+s − I) (s→ 0)

d

dt
Tt′,t = Tt′,tAt � � � � �	 � � � �� � � � � � �

1

s
(Tt′,t+s − Tt′,t ) =

1

s
(I − Tt′,t′+s)Tt′+s,t (s→ 0)

d

dt′
Tt′,t = −At′Tt′,t � �	 �� �	 � � � � � � � � � � �

"� �



� �� � �� � � � � � 	 � 	 � � �� �� �

Tt′,t = Tt−t′ Tt f =

∫

f(x)P (x, t|x′) dx

TtTs = Tt+s = TsTt

A f = lim
s→0

1

s
(Ts f − f)

d

dt′
Tt′,t = − d

dt
Tt−t′

d

dt
Tt = TtA = ATt ⇒ T0 = I, Tt = eAt

� 	 �� � � �� � � � � � � � � � �� �� � � � � �	 A

� �� � � �� �� �� � � � � � 	 � 	 � ��

At = b(x, t)
∂

∂x
+

1

2
σ2(x, t)

∂

∂x2

"� �



� �� �	 � � � �� � � � � n = 2� �� �� � � P1(x, t) =

∫

P (x, t|x′, t′)P1(x
′, t′) dx′

� �� � � � P1(x
′, t′) →� � �� � � � � �� � � � � �	 � � � � � �� �� � � � 	 � ��

� �� � �� � � 	 �� � � � � � � 	 � 	 �

P (x, t|x′, t′) = P (x, t− t′|x′)

� �� �� � � �	 � � � � � � �  � � �

P (x, t + s|x′) =

∫

P (x, t|x′′)P (x′′, s|x′) dx′′

� � � � � ��  �� 	 �� � � � � � � � 	 � 	 � � � 	 lim
t→∞

P1(x, t) = P ∗(x) � � � �� �� � � � � 	

P1(x, 0)� � � �� � � �� � �� �� � �� ��

P1(x, t) =

∫

P (x, t|x′, 0)P1(x
′, 0) dx′ → P ∗(x) (t→∞)

⇒ P (x, t|x′, 0)→ P ∗(x)

"� �



� � � �� 	 � � � � � � �� � � � 	� �� � � � � �� � �� � 
 �� � �� �

� �� � •	 � �� � � �� � �� � �� � 	 � � �	 �

1
2

3

4

5• � � ��

• � � � � � � � � �	 �� �� � �� � �� �� � 0 1 2 3−1−2−3


 � n→ n′ � �� � �� � � 	 � � �� � � � �� �� p ∼ wn′,n ·∆t +O
(
∆t2

)

Pnm(t)	 � �	 � 	 � 	 � � �� � � � �� �� � � � �� m � �� � � � �  � � 	 t � �� 	 � 	 � �

	 � n �� � 	 � � � �	 � � � � ��

Pnm(t + ∆t) =
∑

l 6=n

wnlPlm(t)∆t +
(

1−
∑

l 6=n

wln∆t
)

Pnm(t)

Ṗnm(t) =
∑

l 6=n

wnlPlm(t)

�� �� � � � �

− Pnm(t)
∑

l 6=n

wln

� � �� � � � �

� 	 � �� �
�� �� � � � � �

"� #



� � � �� � � �� � �� �� � Pnm(0) = δnm � Ṗnm(t = 0) = wnm n 6= m
�� �� � � 	 � � � �� � �� � � �� � � � Pm �

∑

m Pm = 1� � � � � �

Pn(t) =
∑

m

Pnm(t)Pm(0)

Ṗn(t) =
∑

l 6=n

wnlPl(t)− Pn(t)
∑

l 6=n

wln

�� � � �� � � �� � � � � � �	 � 	 � �� �
�� �� � � � � �� ��


 � � � � � � � � �� �  � 	 � � � � � � �	 �

�� � � � � � � � 	 � � � �	 � � � � � �� � �	 � � � � � � �  � � � �� �� � � � � �� �� � � �

� � � � � � � ��

�� 
 � �	 � � � � � � �  � � � � � � � � �� �� � � �� � � � � � 	 � � � �� � � � � 	 � � � � � � � �

� � � � � �  � � � �� �� � 	 �� � � � � � � �� � �� � � � � � �� � � � � �� � 	 � � � �	 �

� � � � � � � � �� � � Pn(t)→ P ∗
n� � Pnm(t)→ P ∗

n

� � � � � ��  � �  � 	 � � � � � � �

"� �



	� � � �� � � �� � � � � � � 	 � 	 � ��

wnm = wmn � � �
� ��

S(t) = −
∑

n

Pn(t) lnPn(t) �� �	 
 �� �

Ṡ(t) = −
∑

n

Ṗn(t) (lnPn(t) + 1) =

= −
∑

nm

wnm (Pm(t)− Pn(t)) (lnPn(t) + 1)

� � � �� �� � 	 � � � wnm = wmn � �� � � � � � � � � � � � � � �
Ṡ(t) =

1

2

∑

nm

wnm

{(
Pn(t)− Pm(t)

)(
lnPn(t)− lnPm(t)

)}

> 0

S(t)� �� ��� � � �� � � � � � � � 
 � � � Pn = Pm

� � 



�� � �� � � �� � � � �� � ��

Ann′ = wnn′(1− δnn′)− δnn′

∑

l 6=n

wln′

Ṗn(t) =
∑

n′

Ann′Pn′(t)

� � � �� � � � � �� �� � � �� � � � �� � �� � �

P (α)
n (t) = e−λαtϕ(α)

n

Ṗn(t) = −λαϕ(α)
n e−λαt =

∑

n′

Ann′ϕ
(α)
n′ e−λαt

∑

n′

Ann′ϕ
(α)
n′ = −λαϕ(α)

n λα > 0


 � � � � � � � � � � � � � � � �� � �� λα = 0 � � ��

Pn(t) =
∑

α

cαe−λαtϕ(α)
n → cα∗ϕ(α∗)

n

� � �� α∗ � � � � � � � � � � � � � � � � �� � �� � � � � � � � � �� �� �� e−λαt → 0� � � � ��

" � "



� �� � � � � �� � � �� � �� � � 0 1 2 3−1−2−3


 � � � � �� � � �� � � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� �� � � � � � �� � � �

� � � �� � � � � � � � � � � �
wnm = wn−m

dPnm(t)

dt
=
∑

l 6=n

wnlPlm(t)− Pnm(t)
∑

l 6=n

wln

Pnm(t) = Pn−m,0(t)

n−m = k � �� �� � � � �� Pk(t) = Pk,0(t)

dPk(t)

dt
=
∑

l 6=0

wlPk−l(t)− Pk(t)
∑

l 6=0

wl

Pk(0) = δk,0

" � �



Pk(t) = e−λt+iαk α ∈ [−π, π]

dPk(t)

dt
= −λPk(t) =

∑

l 6=0

wle
−λt+iα(k−l) −

∑

l 6=0

wl · Pk(t) =

= Pk(t)
∑

l 6=0

wl

(
e−iαl − 1

)

λ =
∑

l 6=0

(
1− e−iαl

)
wl

� � � � � � w−l = wl� � � � � �

λ(α) =
∑

l>0

2(1− cos(αl))wl

Pk(0) = δk,0 =
1

2π

∫ π

−π

eiαk dα

" � 	



Pk(t) =
1

2π

∫ π

−π

e
iαk− �

l>0

2(1−cos(αl))wlt

dα

� �� � � � � � � � � � �� �� � � �� � �� �
�

t→∞

�

� � � � �� � � � λ(α) ≈ 0

� � � � �� � �� � � � � � � � � �� �� � �� � � � � �� �� � � ��

α ≈ 0 cos(αl) ≈ 1− α2l2

2

Pk(t) ≈ 1

2π

∫ +∞

−∞
e
iαk− �

l>0

α2l2wlt

dα

∑

l>0

l2wl = 1
2

∑

l 6=0

l2wl = 1
2

L2

τ = 1
2D

Pk(t) ≈ 1

2π

∫ +∞

−∞
eiαk− 1

2α2Dt dα =

=
1

2π

∫ +∞

−∞
e

1
2Dt(α−i k

Dt)
2− k2

2Dt dα =
1√

2πDt
e−

k2

2Dt

�� � � � � �� � � � � � � � � � �� � � � � � � �� �� �� �� �� � � �� � σ2 = Dt

" ��



� � � � �� �� � � � � � � D = 2
∞∑

l>0

wll
2 = +∞?

�� � � � � � � � �� �� � � � � � �� �� � �� �� �� wl ∼ 1
lν �� � �

� � �� � �� � � � �

∑

l

wll
2 =

∑

l

l2−ν ν 6 3 �� � �� � � �� � � � � � �

1− cos(αl) = 2 sin2

(
αl

2

)

∑

l>0

4 sin2

(
αl

2

)

· wl ∼
∑

l>0

4 sin2

(
αl

2

)
1

lν
=

= |α|ν−1
∑

l>0

4 sin2

( |α|l
2

)
1

|α|ν lν
· |α| ≈

≈ |α|ν−1

∫ +∞

0

8 sin2(x)

xν
dx ≈ C|α|ν−1 + . . .

dx =
α

2
∆l =

α

2
µ = ν − 1

" � �



Pk(t) ≈ 1

2π

∫ +π

−π

eikα−C|α|µt dα

|α|µt = yµ αt1/µ = y

α =
y

t1/µ
dα =

dy

t1/µ

Pk(t) ≈ 1

2π

∫ +∞

−∞

1

t1/µ
eiky/t1/µ−C|y|µ dy =

1

t1/µ
h

(
k

t1/µ

)

�� � � � � �� �� � �� � �� � �

h(x) =

∫ +∞

−∞

1

2π
eixy−C|y|µ dy =

∫ +∞

0

1

π
eixy−Cyµ

dy

��� � µ = 1 � � � � � � � h(x) =
1

π (x2 + 1)

µ = 2 � � � � �
" ��



σ2 =
∑

k

Pk(t)k2 ≈
∑

k

1

t1/µ
h

(
k

t1/µ

)

k2 ≈

≈ t1/µ
∑

k

(
k

t1/µ

)2

h

(
k

t1/µ

)

≈ . . .

y =
k

t1/µ
dy =

1

t1/µ
∆k

. . . ≈ t2/µ

∫

y2h(y) dy

σ2 ∼ t2/µ

σ ∼ t1/µ

" ��



�� � 
� � � � � � �� � 
 �� � � �� � 
 �� � � � � � � � 	� � � �� � � �

x = n · a a a→ 0

� �� � � � � � � � � � � � � � � � � � � � �� � � �

wn,n+1 = w+
n = w+(x)

wn,n−1 = w−
n = w−(x)

dPn

dt
= wn,n+1Pn+1 + wn,n−1Pn−1 − Pn(wn+1,n + wn−1,n) =

= w+
n Pn+1 + w−

n Pn−1 − Pn

(
w−

n+1 + w+
n−1

)

Pn(t) = P (x = na, t)

Pn+1(t) = P (x = (n + 1)a, t) ≈ P (x, t) +
∂P

∂x
a +

1

2

∂2P

∂x2
a2 + . . .

Pn−1(t) ≈ P (x, t)− ∂P

∂x
a +

1

2

∂2P

∂x2
a2 + . . .

w+
n+1 ≈ w+(x) +

∂w+

∂x
a +

1

2

∂2w+

∂x2
a2 + . . .

" � #



∂P (x, t)

∂t
= w+(x)

[

P (x, t) +
∂P

∂x
a +

1

2
a2 ∂2P

∂x2

]

+

+w−(x)

[

P (x, t)− ∂P

∂x
a +

1

2
a2 ∂2P

∂x2

]

−

−P (x, t)

[

w− + a
∂w−

∂x
+

1

2
a2 ∂2w−

∂x2
+

+ w+ − a
∂w+

∂x
+

1

2
a2 ∂2w+

∂x2

]

+O
(
a3
)

=

=
∂

∂x

{
(
aw+(x)− aw−(x)

)
P (x, t)

}

+

+
∂2

∂x2

{
1

2
a2
(
w+(x) + w−(x)

)
P (x, t)

}

−

− ∂

∂x

{

a2

(
∂w+

∂x
+

∂w−

∂x

)

P (x, t)

}

" � �



∂P (x, t)

∂t
= − ∂

∂x

(

b(x, t)P (x, t)
)

+
1

2

∂2

∂x2

(

σ2(x, t)P (x, t)
)

b(x, t) = a2

(
∂w+

∂x
+

∂w−

∂x

)

− a
(
w+ − w−)

σ2(x, t) = a2
(
w+ + w−)

� � � � � �

� �� � � �� � � � � �� � �

"� 	



� �� � � � � ��� �� � 
 �� � �� �


 � � �� � � � � �� � �� � � ��
At = b(x, t)

∂

∂x
+

1

2
σ2(x, t)

∂2

∂x2

� � � � � � � � � � �� � �� �� �� � � � �� � �� � ��
d

dt
Tt′,t f = Tt′,tAt f

Tt′,t = P (x, t|x′, t′)

∫ {
∂P (x, t|x′, t′)

∂t
− P (x, t|x′, t′)

[

b(x, t)
∂

∂x
+

1

2
σ2(x, t)

∂2

∂x2

]}

f(x) dx = 0

∫ {
∂P (x, t|x′, t′)

∂t
f − P (x, t|x′, t′)

[

b(x, t)
∂f

∂x
+

1

2
σ2(x, t)

∂2f

∂x2

]}

dx = 0

"� "



� � � � � �� �� � � � � � � �� �� � � � �

∫ {
∂P

∂t
f + f(x)

∂

∂x
P (x, t|x′, t′)b(x, t)− ∂

∂x

(
P (x, t|x′, t′)b(x, t)f(x)

)
+

+
∂

∂x

[

P (x, t|x′, t′)
1

2
σ2(x, t)

]
∂f

∂x
− ∂

∂x

[

P (x, t|x′, t′)
1

2
σ2(x, t)

∂f

∂x

]}

dx = 0

∫

dx
∂

∂x
g(x) → [g(x)]∞ → 0

∫ {
∂P

∂t
f + f

∂

∂x
Pb +

∂

∂x

[

P (x, t|x′, t′)
1

2
σ2(x, t)

]
∂f

∂x

}

dx

∫ {
∂P

∂t
+

∂

∂x
(Pb)− 1

2

∂2

∂x2

(
Pσ2

)
}

f(x) dx = 0

∂P

∂t
+

∂

∂x
(Pb) =

1

2

∂2

∂x2

(
Pσ2

)

� � � � � �

� �� � � �� � � � � �� � � �� � �� � � � � � � �� � � � � � � � � � � �
lim
t→t′

P (x, t|x′, t′) = δ(x− x′) � �� � � � � � �� �� � �� � ���

"� �



� � � � � � � �� � � � � �� � � � � �� � � � � P (x, t = 0) � � � � �� � � � � � � � � � �

� �� � � � �� � � �
P (x, t) =

∫

P (x, t|x′, 0)P (x′, t = 0) dx′

⇒ P (x, t)� � � � �� � � � �� � � � � � � � � � � � �

� �� � � �� � � � � �� � � � � � � �

P (x, t)→ 0 � |x| → ∞ �� � �� �

∂P (x, t)

∂t
= − ∂

∂x

(
b(x, t)P (x, t)

)
+

1

2

∂2

∂x2

(
σ2(x, t)P (x, t)

)

∂P (x, t)

∂t
= − ∂

∂x
J(x, t)

J(x, t) =

(

b(x, t)− σ(x, t)
∂σ(x, t)

∂x

)

P (x, t)− 1

2
σ2(x, t)

∂P (x, t)

∂x

� �� � � � � � � � � � � � � �� � � � � � � �

"� 	




 � � � �� � � � � � � �� �� � � �� �

� � � � � � x(t′) = x′ � t = t′ � �� � � � �� � �� � �� � � � � � �� � � t � �� � � � � � �

�� � � � � � � �� � � � � � x(t)− x(t′) � �� � � � � � � � � � �

〈
(x(t)− x(t′))n〉

� �� � � � � � � ��

� � � � � �� � � � � � � � � t′ � � � � � �� � � � � �� � � � � � � � � �� � � P (x, t|x′, t′)

� � � � � �� � � � � ��

x(t + s) = x Tt+s,t = I +At s

x(t) = x′ P (x, t + s)|x′, t) = δ(x− x′) + sAt

∫

f(x)P (x, t + s|x′, t) dx = f(x′) +At f(x′)s +O
(
s2
)

At f(x′) = b(x′, t)f ′(x′, t) +
1

2
σ2(x′, t)f ′′(x′, t)

f(x) = (x− x′)
n

"� �



∫

(x− x′)nP (x, t + s|x′, t) dx =







b(x′, t)s +O
(
s2
)
, � � n = 1

σ2(x′, t)s +O
(
s2
)
, � � n = 2

O
(
s2
)
, � � n > 2

⇔ � �� �� �� � � �� � �� � � �� � � �� � � � � � � � � � � � � � �� � � � � �� n > 2

� �� � � � � � � � � � � � �� �� � � � � ���

� � � � �� � � � � � � �

t


 � � � �� �� � � ẋ(t)� �� �� � � �� � �

〈ẋ(t)〉 ≈ lim
s→0

〈x− x′〉
s

= b(x′, t) � � � �� � � �

〈ẍ(t)〉 ≈ lim
s→0

〈
(x− x′)2

〉

s2
≈ σ2(x′, t)

s
� �� � � � ���

"� �



� � � � � �
� � �� � �� � � � ��

A =
1

2
D

∂2

∂x2
D > 0

�� � �� � � � � � �� � � � �� � � � � �� � �� � ��

∂P

∂t
=

D

2

∂2P

∂x2

P (x, t|x′, t) = δ(x− x′)

P (x, t|x′, t) =
1

2π

∫ +∞

−∞
eik(x−x′) dk

P ∼ eikx−αt

∂P

∂t
= −αP

∂2P

∂x2
= −k2P

α =
1

2
Dk2 �� � �� � � � � �� � ��

"� �



P ∼ eikx− 1
2Dk2t

P (x, t|x′, t′) =
1

2π

∫ +∞

−∞
eik(x−x′)− 1

2Dk2(t−t′) dk

� � � � � � � � � � � �� �� �
P (x, t|x′, t′) =

1
√

2πD(t− t′)
e
− (x−x′)2

2D(t−t′)


 � � � �� � � � � (x− x′) � � �� �� �� �� �� � � �� � 0� � � � � � � � � �� � � �� � �

√

D(t− t′)� � � � �� � ���

D = 1 �� � �� � � �� �� � � � � � � � � �� � � � � � � x(t) = w(t) �� �� �� � � � � � � �

w(0) = 0�

〈w(t)〉 = 0
〈
w2(t)

〉
= t

�� � � � � � � � � � � � � � �
� � �� � �� � ��

"� �



� � � � �� � � �� � � � � � � � � �


 � � � �� � � � � � � � � � � � �� � � ��

0 s t

w(s) w(t)

〈
(w(t)− w(s)) (w(s)− w(0))

〉
= 0

〈w(t)w(s)〉 −
〈
w2(s)

〉
= 0

〈w(t)w(s)〉 =
〈
w2(s)

〉
= s � � s < t

〈w(t)w(s)〉 = min(t, s)

"� #



� � � � � � � �� � � � � � � � �� � � �� � �� � �

b(x, t) = −λx � � � � �

σ2(x, t) = D > 0

∂P

∂t
= λ

∂

∂x
(xP ) +

1

2
D

∂2P

∂x2

P (x, t|x′, 0); P (x, 0|x′, 0) =
1

2

∫ +∞

−∞
eik(x−x′) dk = δ(x− x′)

� � � � � � � � � � � � � � � �

� �� � � �� � � � � � �� � � � � u(x) = eik(x−x′)� �� � � � �

� �� �� � �� � ��

ũ(k, t) =

∫ +∞

−∞
e−ikxu(x, t) dx

u(x, t) =
1

2π

∫ +∞

−∞
eikxũ(k, t) dk

"� �



∂u

∂t
=

∫ +∞

−∞
eikx ∂ũ(k, t)

∂t
dx

x
∂u

∂x
= x

∂

∂x

∫ +∞

−∞
eikxũ(k, t) dk = x

∫ +∞

−∞
ik eikxũ(k, t) dk =

=

∫ +∞

−∞

[

ik
∂

i∂k
eikx

]

ũ(k, t) dk =

=

∫ +∞

−∞

{
∂

∂k
k eikxũ(k, t)− k eikx ∂ũ(k, t)

∂k
− eikxũ(k, t)

}

dk =

= −
∫ +∞

−∞
eikx

(

ũ(k, t) + k
∂ũ(k, t)

∂k

)

dk

∂2u

∂x2
=

∫ +∞

−∞
−k2 eikxũ(k, t) dk

"� 	



∂u

∂t
− λ

∂

∂x
(x u)− 1

2
D

∂2u

∂x2
= 0

∫ +∞

−∞
eikx

{
∂ũ

∂t
− λũ + λũ + λk

∂ũ

∂k

1

2
Dk2ũ

}

= 0

∂ũ

∂t
= −λk

∂ũ

∂k
− 1

2
Dk2ũ

ũ(k, t) = Φ(k e−λt, t) = Φ(z, t) z = k e−λt

∂ũ

∂t
=

∂Φ

∂z

(
−kλ e−λt

)
+

∂Φ

∂t
= −λz

∂Φ

∂z
+

∂Φ

∂t
∂ũ

∂k
=

∂Φ

∂z
e−λt

−λz
∂Φ

∂z

/

+
∂Φ

∂z
+

∂Φ

∂t
= −λz

∂Φ

∂z

/

− 1

2
Dk2Φ

"� "



∂Φ

∂t
= −1

2
Dk2Φ = −D

2
z2e2λtΦ

� �� � � � � � �� �� � �� � ũ(k, 0) = e−ikx′

; Φ(z, 0) = e−izx′

� � � �� � �� �

Φ(z, t) = e−izx′− D
4λ z2(e2λt−1)

ũ(k, t) = e−ik e−λtx′− D
4λ k2(1−e−2λt)

P (x, t|x′, 0) =
1

2π

∫ +∞

−∞
eik(x−e−λtx′)e−

D
4λ k2(1−e−2λt) dk =

=
1

√

2πV 2(t)
exp

{

−
(
x− x′e−λt

)2

2V 2(t)

}

V 2(t) =
D

2λ

(
1− e−2λt

)
≈ Dt

"� �



〈x(t)〉 = x′e−λt

〈
x2(t)

〉
− 〈x(t)〉2 = V 2(t)

lim
t→∞

P (x, t|x′, 0) =

√

λ

πD
e−

λx2

D = P ∗(x)

� � � � � �� � � � �� � �� � � � � � � � � � � � �� �� �� �� �� � � �� � �� � � � � � � � ���

� � � � �� � � �� � � � � � � � � � � �

C(t) = 〈x(t)x(0)〉 =

∫ +∞

−∞
xx′P2(x, t; x′, 0) dx dx′

P2(x, t; x′, 0) = P (x, t|x′)P ∗(x′)

C(t) =
D

2λ
e−λ|t|

"� 	



� � � � � � � � � � � � � � � � � � � � � � � � �� � �

ξ(t) � � � � � � � � � � �

�� 〈ξ(t)〉 = 0 �

�� S(ω) = �� � � � � �
S(ω) =

1

2π

∫ +∞

−∞
C(t)eiωt dt = �� �� ⇒ C(t) = 〈ξ(t)ξ(0)〉 = δ(t)

� �� � � �� � � �� x(t) =

∫ t

0

ξ(s) ds � �� � �� � � � ��

〈x(t)〉 =

∫ t

0

〈ξ(s)〉 ds = 0

〈∫ t

0

ξ(u) du

∫ s

0

ξ(v) dv

〉

=

∫ t

0

∫ s

0

〈ξ(u)ξ(v)〉 du dv =

=

∫ t

0

∫ s

0

δ(u− v) du dv = min(s, t)

"� �



w(t) =

∫ t

0

ξ(s) ds � � � � � �
� � �� � �� � �

dw(t) = ξ(t) dt

� � � � � � � � �� � �� � � � �� �

��� � � � � � � � � �� � � � � � � � �� � � �� � �� � �� � �

C(t) =
D

2λ
e−λ|t|

λ→∞� � D/λ2 → 1 �� � �� �

C(t) =
D

λ2
· λ
2
e−λ|t| ⇒ δ(t)

∫ +∞

−∞

λ

2
e−λ|t| dt = λ

∫ +∞

0

e−λt dt = 1

"� �



� � � � �� �� � � �� � � � �� �� �� � �� � � �� �� � � � ��

ẋ(t) = f(x(t), y(t), t)

� � �� y(t) �� � � � � � �� � � � � � � � � � � � � � �� � � � �� � �� � ��

� � � � � � � � � � � � � �� � �
ẋ(t) = b(x(t), t) + σ(x(t), t) ξ(t)

︸︷︷︸

�  	 �� �� �

x(t) = x(t0) +

∫ t

t0

b(x(s), s) ds +

∫ t

to

σ(x(s), s) ξ(s) ds
︸ ︷︷ ︸

dw(s)


 �  �  � � � �  � � � �

dx(t) = b(x(t), t) dt + σ(x(t), t) dw(t)

∫ t

t0

G(s) dw(s) �� � � � � �� � � �� � � � � � � � � ��

�� �



� � � � � �� � � � � � � � �� � � �� � � � � � � � � � � � �� � � � � �� � �


 � � � � � � � � � � � � � �� � � � � � �� � �� �� � �� � � � �� � � � � � ��

� � � � � �� � � � � �� � �� �� �

dx(t) = x(t + dt)− x(t) = b(x(t), t) dt + σ( x(t)
︸︷︷︸

� ��   �  � �

, t) {w(t + dt)− w(t)}

� � � � �� �

〈dw(t)〉 = 0 � � �� �� �� �� � � � � �� �

〈
dw(t)2n

〉
= 1 · 3 · 5 · . . . · (2n− 1)(dt)n n > 1

〈
dw(t)2

〉
= dt

〈
dw(t)4

〉
−
〈
dw(t)2

〉2
= 2(dt)2

� � O
(
dt2
)

� � � �� � � � � � � � � � � � � � �� � � � � � � � � (dw(t))2 � � � dt �� ��

� �� � � � � �� � � � � ��

�� �



dt dw(t)2 = 0

dw(t)n = 0 n > 2

df(x(t)) = f(x(t) + dx(t))− f(x(t)) =

= f ′(x(t)) dx(t) +
1

2
f ′′(x(t))(dx(t))2 + . . .

df(x(t)) = f
(
x(t) + b(x(t), t) dt + σ(x(t), t) dw(t)

)
− f(x(t)) =

= f ′(x(t)) b(x(t), t) dt

+f ′(x(t)) σ(x(t), t) dw(t)+

+
1

2
f ′′(x(t)) σ2(x(t), t) dt

︸︷︷︸

dw(t)2

+O
(
(dt)2

)

���



� � � � � � �� �� � � � �� � � � � �� � � � � � � � � � � � � �� � �� � � � � � � �� �� �

〈f(x(t + dt))〉 = f(x′) +At f(x′) dt +O
(
dt2
)

=

= f(x′) + b(x′, t) f ′(x′) dt +
1

2
σ2(x′, t) f ′′(x′) dt

⇒ At = b(x′, t)
∂

∂x′ +
1

2
σ2(x′, t)

∂2

∂x′2

� � � � �� � ≡ � � � � � �
� �� � � �� � � � � � �� � �

�� �



� � � � � � � �� � �� � �� �

dx(t) = b(x(t), t) dt + σ(x(t), t) dw(t)

dx(t) = x(t + dt)− x(t) = b(x(t), t) +

+ σ

(
x(t) + x(t + dt)

2
, t

)
(
w(t + dt)− w(t)

)
+ . . .

σ

(
x(t) + x(t + dt)

2
, t

)

= σ(x(t), t) +
1

2
σ′(x(t), t) dx(t) + . . .

dx(t) =

[

b(x(t), t) +
1

2
σ(x(t), t)σ′(x(t), t)

]

dt + σ(x(t), t) dw(t) + . . .

At =

[

b(x, t) +
1

2
σ(x, t)σ′(x, t)

]
∂

∂x
+

1

2
σ2(x, t)

∂2

∂x2

σ′(x, t) =
∂

∂x
σ(x, t)

� � σ(x, t) = σ(t) � � � � � � � � � � � � � � � � � �� � ��

�� �



� � � � � � � �� � � � � �� � � � � � � � � � � � � � � � � � �� � �� �

∂P

∂t
= − ∂

∂x

(
b(x, t)P (x, t)

)
+

1

2

∂2

∂x2

(
σ(x, t)P (x, t)

)

∂P

∂t
= − ∂

∂x
J(x, t)

J(x, t) =

[

b(x, t)− σ(x, t)
∂σ(x, t)

∂x

]

P (x, t)− 1

2
σ2(x, t)

∂P (x, t)

∂x

� � � � � � � � � � � � � � � �� � �� t→∞ �� � � � � P (x, t)→ P ∗(x)

�
� � � � � � � �� � � � � � � � � � � � � � � �� � � �

∂P ∗

∂t
= 0 =

∂

∂x
J∗(x, t)

J∗(x, t) = �� � � � � �
lim

x→±∞
P ∗(x) = 0 ⇒ J∗(x, t) = 0

�� �



ϕ(x) = − lnP ∗(x)

P ∗(x) = e−ϕ(x)

0 =

[

b(x)− σ(x)
dσ(x)

dx

]

e−ϕ(x) − 1

2
σ2(x) {−ϕ′(x)} e−ϕ(x)

b(x) = σ(x)
dσ(x)

dx
− 1

2
σ2(x)

dϕ(x)

dx

� � � �� � � �� � � �� � � �� �� � � � � � � �� � � �� �� � � �� � � � � �� � � �� �� �

� �� � � � � �� � � � � � � � � � �� � � � � �� � � � � � � �

v̇ = −λv

� � � � � �� �

; λ =
6πηr0

m

� � � � � � � � �� � v̇ = −λv + σξ(t)

↖� � � � � � � �

�� �



�� � � �� �� � � �� � � � �� � � � � � � �� � � � � �� � � �

dv(t) = −λv(t) dt + σ dw(t)

� �� � �� � � � � � � σ � � � � � � � � � � � �� � � � �� �� � � �� � �� � �� � � � �� �� � � � � �

P ∗(v) ∼ e−
mv2

2kT

ϕ(v) = − lnP ∗(v) =
mv2

2kT
+ �� � � � � �

−λv = −1

2
σ2 dϕ(v)

dv
= −1

2
σ2 mv

kT

λ =
1

2

m

kT
σ2

σ2 =
2kTλ

m
=

12πηr0kT

m2

� � � � � � � � �� �� � � � � � � � � � � � �� � � �� � � � �� �� � � � � � � � � � �� � � �� �� �� � �

� � � �� � �� � � � � � � �� �� � �� � �

�� �



�� � � � � �� � � ��� � ��

• Mij N ×N � �� 	 
� �� �  	� � � � � �� � 	 � � � � �� � � � �� � � � � 
 � �

P (M11, M12, M13, . . . , M1N , M21, M22, . . . , M2N , . . . , MNN )×
× dM11 dM12 · · · dMNN

•� � �� � � � � 	 �� � �� �� � 	 �� � � � � � � 
 � � � � � � � � � � � � � 
� �� � � � ��

�� � � � � 
 � ��

λivi = Mijvj , λ1, . . . , λN

• � � � � � �� � � � � � � ω2
i�  	 � �� � �� � �� � �� � �� ��  � � � � �� 	 	 � �� � �� � ��

� � �� �� � � � � � � �� � Hij ↔ En�

• � � � � � 
� � � � � 	 � � � �� 	 � � � � � � ��  � � � � � �� � � � � �� � � 
� � �� �

� �� � �� �� �� ��

�� �



• M ′ = SMS−1� � � � � � � � 
 �� � � � � � � � �� 	 
 �� �

� �� � � � M � � � 	 	 �� �� � � � (Mij = Mji) �� � � � � � 

S = O � � �� � �� 
 � � � � � � � � � 
 �� � � � � � � � � �� 	 
 �� �

� � � � � � � � 
 �� � � � � � � � � � 	 
 �� � −→� �� � � � � � � �� � � � � � � 
 � �� � �� � � ��

• � � �� � � �� �� � � � � 
 � � �� � � � � � � � 	� � � � � � � � � �� � 
� �� � � � � � �� � � �

⇒ �� �� � � � � 
 � �� � � � � � �� � 
 � � � � � � � � � � � � ��

Tr M ′ = Tr SMS−1 = Tr MS−1S = Tr M

Tr M ′n = Tr SMS−1SMS−1 · · ·SMS−1 = Tr SMnS−1 = Tr Mn

• � � �� � � �� �� � � � � 
 � ��� �� � � � � �� � � ��� � (. . . e−x2/2σ2

) �

⇒� � � � � ��� � � � � � � �� � 
 � � � � (Tr M)2 �� Tr M2

p(M) dM = N e−β Tr M2

dM

〈Tr M〉 = 0

�� �



� � �� � � � � � � � �� � � �� � � � � � �� �� N = 2 �� � �� � � � � � � � � �  � � �� � �

N →∞ �� �� � � � �

M =
(

A B
B C

)

Tr M = A + C � � �

Tr M2 = A2 + 2B2 + C2
(

A B
B C

)(
A B
B C

)

=
(

A2+B2 AB+BC
AB+BC B2+C2

)

p(M) dM = N e−β(A2+2B2+C2) dA dB dC

N
∫∫∫ +∞

−∞
e−β(A2+2B2+C2) dA dB dC = N π3/2

β3/2
√

2
= 1

p(M) dM =
β3/2
√

2

π3/2
e−β(A2+2B2+C2) dA dB dC

det
((

A B
B C

)
− λ

(
1 0
0 1

))

= 0 λ1,2 =
A + C ±

√

(A− C)2 + 4B2

2

�� �






dA

dC



 =






1
2 + λ1−λ2√

(λ1−λ2)−4B2

1
2 − λ1−λ2√

(λ1−λ2)−4B2

1
2 − λ1−λ2√

(λ1−λ2)−4B2

1
2 + λ1−λ2√

(λ1−λ2)−4B2









dλ1

dλ2





dA dC = 4 |λ1−λ2|√
(λ1−λ2)2−4B2

dλ1 dλ2

p(M) dM = N e−β(λ2
1+λ2

2) · 4 |λ1−λ2|√
(λ1−λ2)2−4B2

dλ1 dλ2 dB

|B| < |λ1 − λ2|/2

p(λ1, λ2) dλ1 dλ2 =

∫ |λ1−λ2|
2

− |λ1−λ2|
2

4N e−β(λ2
1+λ2

2) |λ1−λ2|√
(λ1−λ2)2−4B2

dB dλ1 dλ2

B = |λ1−λ2|
2 u � � � � �� � �� � � � � ��

|λ1−λ2|
2

∫ 1

−1

1√
1−u2 du = |λ1−λ2|

2 π 
� � � � � �� 
 � � � 
 �

�� �



p(λ1, λ2) = N ′e−β(λ2
1+λ2

2)|λ1 − λ2|
� � � � � 
 � � � �� �� � � �

p(λ1, . . . , λN ) ∼ e−β � N
n=1 λ2

i

∏

i>j

|λi − λj |α

� � � α = 1 �� � 	 	 �� � � � � � � �� � � � � � 
 �� � � � � � � 
 ��

� � � α = 2 � � � � �� � � 
 � � �� �� �� � �

� � � � � � λ1 − λ2 � � � �� � 
 � �� s = λ1 − λ2  Λ = λ1 + λ2

p(λ1, λ2) dλ1 dλ2 = p(s, Λ) ds dΛ =
1

2
N ′e−β 1

2(Λ
2+s2)s ds dΛ

p(s) ds =

∫

p(s, Λ) dΛ =
1

2
N ′
√

2π

β
e−

βs2

2 s ds

p(s) =
πs

2
e−πs2/4 � � � � �� � �� � �� � 
 �

� � �



� � � � � � � � � � � � � � � � � � �� � � � � � � 
�� � �� � �� � �� � 
 � ��

(
λ1 0
0 λ2

)

p(λ1, λ2) = N e−βλ2
1e−βλ2

2 dλ1 dλ2

p(s, Λ) ds dΛ = N 1

2
e−

β
2 (Λ2+s2) dΛ ds

p(s) ∼ e−s2

; N ×N � �� �� �� � � � p(S) = e−S

� �� �� � � �� ��� s
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� � � � 
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 � � �� 	 
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